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Abstract—In this paper, a novel source/target localization ap-
proach is proposed using a number of sensors (surrounding or not
surrounding one or more sources) to form a sparse large aperture
array of known geometry. Under a large array aperture, the array
response (manifold vector) obeys a spherical wave rather than a
plane wave propagation model. By rotating the array reference
point to be at each of the array sensors, a number of covariance
matrices are constructed. It is shown that the eigenvalues of these
covariance matrices are related to the source location with respect
to the array reference point. The proposed approach is robust to
channel fading and considers both wideband and narrowband as-
sumptions. The performance of the proposed approach is evalu-
ated via simulations as a function of array geometry, number of
snapshots and signal to noise ratio (SNR) and is shown to ex-
ceed existing techniques.

Index Terms—Array processing, large aperture arrays, localiza-
tion, sparse arrays, spherical wave propagation.
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I. INTRODUCTION

L OCALIZATION of signal sources/targets1 plays an in-
creasingly important role in many signal processing and

communication technologies where spatial information is used
to enhance performance and/or provide additional services. For
example, knowing the location of a source can allow efficient
network optimization algorithms to be performed [1]. Other ap-
plications include mobile communications for E-911 caller lo-
calization [2], ubiquitous computing [3], smart antennas [4],
wireless sensor networks [5] and MIMO radar [6].
In general, the localization of sources using a number of sen-

sors at known locations is achieved by exploiting the signals
received at the sensors to infer the positions of the sources. This
process is carried out in two phases; the “Association” phase
and the “Metric-Fusion” phase. In the Association phase, the
exchanged signals are used to estimate spatial relationships be-
tween the sources and the sensors, known as “metrics”. In the
Metric-Fusion phase, the estimated metrics are used to com-
pute source positions. A common approach to Metric-Fusion is
triangulation/trilateration (e.g., as used in [7]), however, many
techniques have been proposed in the literature including in [8]
and [9]. To avoid location ambiguity, a minimum number of
metrics are required in the Metric-Fusion phase where the
value of is dependent upon the metric type. In general, if
the number of metrics available exceeds then the source lo-
calization accuracy will increase [10]. Localization accuracy is
also influenced by the technique used. These can be categorized
as “Range” based techniques and “Direction” based techniques.
Range-based techniques estimate the range between the

source and each of the sensors. Using these estimates and
knowing the location of the sensors, the location of the source

1In this paper, the terms “transmitters”, “emitters”, “sources” and “targets”
are considered equivalent and are used interchangeably.
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can be inferred. Approaches are based on “Received Signal
Strength” (RSS) and “Time” based methods. Many variations
of these approaches exist in the literature. Only a selection
of these will be presented here. In parametric based RSS ap-
proaches such as in [11], the voltage at the sensors is measured
when a signal of known voltage is emitted from a source. Then,
using a path loss model, the range between sensors and the
source can be estimated. As detailed in [12], a single range es-
timate restricts the source location to a circular locus and hence
the source position in can be estimated without ambiguity
using sensors. This process is cheap and often doesn’t
require additional hardware. However, localization accuracy
is limited by environmental factors such as noise, fading, path
loss and shadowing [13]. A large amount of RSS literature
surrounds the practical estimation of path loss parameters for
use in parametric models. In [14], parameters are deliberately
loosened to increase robustness to fading and shadowing effects
in the channel. Furthermore, in [15], RSS localization based
on an unknown path loss model is presented. An alternative
approach to RSS localization is fingerprinting [16]. Here, a
large number of practical measurements are used to form a
dictionary of received power to emitter range entries for each
sensor. This can overcome the channel issues associated with
RSS but is expensive to implement and sensitive to environ-
mental changes. Time based approaches measure signal travel
times between the source and sensors to estimate range by
inferring that the propagation time of the Line-Of-Sight (LOS)
signal is equal to distance between the source and the sensor
divided by the known propagation velocity of the signal. The
Time-Of-Arrival (TOA) estimation approach requires that the
source and sensors are synchronized [17]. In the Time-Dif-
ference-Of-Arrival (TDOA) estimation approach [18], only
sensors need to be synchronized. Here, the time delay with
which the LOS signal arrives at the different sensors is found
and used to estimate the ranges of the source from the sensors.
A traditional approach to TDOA is the Generalized Cross
Correlation (GCC) method [19]. However, this suffers from
problems in the presence of multipath. In [20], an eigen-de-
composition approach is used to overcome this problem within
the GCC framework. The estimation accuracy of time based
methods is usually affected by the effective bandwidth of the
signal as well as additive noise and fading effects [10]. Note
that cellular mobile communication systems use TDOA based
approaches for E-911 emergency localization [21].
In direction based techniques two or more Direction Finding

(DF) array systems are employed at different known sites
with each one estimating the Direction of Arrival (DOA) of
the LOS signal emitted from a source (e.g., Fig. 1(b)). This
can be achieved by employing different DF algorithms such
as Maximum Likelihood Estimation (MLE) which has high
computational cost or subspace type techniques, for instance,
MUltiple SIgnal Classification (MUSIC) [22] or ESPRIT [23].
Subspace techniques are based on the eigen-decomposition
of the received covariance matrix. The performance of these
approaches increases asymptotically as a function of
(i.e., superresolution capabilities) where is the number of
snapshots of data used for localization. A single DOA estimate
restricts the source location to a line and hence its position in

Fig. 1. TOA, TDOA and DOA localization approaches. (a) TOA/TDOA:
sensors at locations , (b) DOA: arrays with reference points at

, local geometries at and DOA’s .

, for instance, can be estimated using DOA mea-
surements. Note that this is less than the minimum required in
range based techniques. However, in practice, the performance
of direction based positioning systems is degraded by a finite
observation interval, low SNR, array uncertainties (calibration
errors), array geometry and multipath effects [24].
It is clear that the different techniques suffer from different

downfalls [2]. Common problems in source localization are re-
lated to the presence of interference, fading and shadowing ef-
fects within the channel. One way to overcome these problems
is to employ mixtures of different localization approaches si-
multaneously. Hence, in [18] and [25], hybrid DOA/TOA lo-
calization approaches are employed, while in [26], a hybrid
TOA/TDOA localization approach is employed. Furthermore,
in [27], a CDMA localization method using TOA methods with
antenna arrays is proposed. Another way is to exploit spatial
diversity and time diversity simultaneously. Spatiotemporal ap-
proaches such as in [28] aim to achieve this by employing an-
tenna arrays which process signals in both space and time pro-
viding a powerful way to contend with multipath and interfer-
ence effects found in many practical environments. Spatiotem-
poral approaches can be used in conjunction with the approach
proposed in this paper.
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TABLE I
AND FOR TOA, TDOA AND DOA IN SPACE

Metric-Fusion can be performed by combining the “metrics”
of the “Association” phase via a set of linear equations,

(1)

the solution of which corresponds to the Cartesian coordinates
of the source , i.e., . In (1), the matrix and
the vector are both either known or estimated as part of the
Association phase. Both are dependent on the localization ap-
proach employed. With reference to Fig. 1, Table I provides the
parameters of (1) for the TOA, TDOA and DOA localization
approaches in space. Note that these are the standard local-
ization approaches described in [2] which, in this paper, are ex-
pressed using a unified notation. Without any loss of generality,
the sources and sensors are located on the x-y plane. For the
TOA approach, is the propagation time of the LOS signal
between the source (denoted as 0) and the th sensor. For the
TDOA approach, is the time difference from when the LOS
signal arrives at the 1st sensor to when it arrives at the th sensor.
Finally, for the DOA approach shown in Fig. 1(b), and is
the angle and range of the source associated with the th small
aperture array. Here, the th array has a known geometry de-
fined by the matrix and the known array reference point is
at . With reference to Fig. 1(b), the angles are estimated
using a DOA algorithm (e.g., MUSIC [22]) and the ranges to
the source may be easily inferred via the sine rule using these
estimated DOA’s and locations of the array reference points. For
example, forming the triangle and

(2)

where and are the angles (geometrically known) shown
in Fig. 1(b).
This paper is concerned with the source localization problem

by forming a large aperture array of sensors of known geometry
that are connected with wireless, wire line or fiber links. In [5],

Fig. 2. Spherical wave propagation of a source to the sensors in a large
aperture array in space. Small implies the narrowband case and large

implies the wideband case.

a narrowband localization technique is presented for locating a
single Wireless Sensor Network target node using sensor nodes
at known locations. This is achieved by forming a so called Ar-
rayedWireless Sensor Network (AWSN) of sensor nodes. Array
signal processing techniques are then used to locate the target
node using the signals received from the array of sensor nodes.
In this paper, a large aperture array based source localization
approach for both wideband and narrowband cases is presented.
The approach is applicable to any large aperture array of sensors
and is robust to fading. Both its “Association” and “Metric-Fu-
sion” phases are based on array signal processing. Following the
association phase, two Metric Fusion approaches are presented.
The first, also used in [5], is based upon finding common inter-
section of loci. The second solves a set of linear equations in the
form of (1).
The remainder of this paper is organized as follows: In

Section II, proposed approaches to the “Association” phase of
the localization algorithm are presented. In Section III, the two
approaches to the “Metric Fusion” phase of the localization
algorithm are presented and the complete localization algo-
rithm is given in a step-by-step form. Furthermore, an upper
bound (i.e., worst case scenario) of the RMSE of the proposed
localization approach is given as a function of the array geom-
etry, number of sensors, SNR and number of snapshots . In
Section IV, computer simulation studies are presented showing
that the performance of the proposed approach outperforms
existing algorithms. The paper is concluded in Section V.

II. ARRAY PROCESSING ASSOCIATION PHASE

With reference to Fig. 2, without any loss of generality, con-
sider a fully calibrated sparse large aperture array of omni-
directional sensors with known locations. The array operates in
the presence of a single source emitting an unknown message
signal and is located at an unknown azimuth , elevation
and range with respect to the array reference point with mea-
sured anticlockwise with respect to the positive x-axis. Since
the array aperture (defined as the largest distance between any
two sensors in the array) is large relative to the range of the
source and its wavelength, the plane wave propagation assump-
tion is no longer valid and spherical wave propagation should
be considered.
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The signal vector received by the array can be
modelled as,

(3)

where the vector represents the -dimen-
sional array manifold vector (array response vector) with de-
noting the carrier frequency. Furthermore, the elements of the
vector model the slow fading effects of the channel
which are assumed to be unknown. In addition, the elements of
the vector model the delayed version of the
message received at the array elements. Finally,
is assumed to be zero mean additive white Gaussian noise with
covariance matrix,

(4)

where denotes the noise power.
Assuming omnidirectional sensors, the array response can be

expressed by the spherical wave manifold vector [5],

(5)

where is a constant scalar which is assumed to be known and
represents the path loss exponent. Furthermore, the parameter
is the unknown vector of ranges from the source to each of the
array elements, i.e.,

(6)

With reference to Fig. 2, it is proved in Appendix A that this
vector can be expressed as a function of the range and di-
rection2 of the source with respect to the array reference
point and the array geometry as follows:

(7)

where the matrix has as columns the Cartesian coor-
dinates of the array elements with respect to the array reference
point. That is,

(8)

Furthermore, is the wavenumber vector which
points towards the direction and is defined by,

(9)

Equation (7) allows the array response (array manifold vector)
under spherical wave propagation in (5) to be related to a single
range and direction of the emitting source (i.e., the un-
known parameters of interest) and the known array geometry

2Note that in Fig. 2, .

. Note that as , (5) becomes the plane wave manifold
vector. By processing data collected at each sensor collectively
as an array system, the proposed approach utilizes the spatial di-
mension by viewing a group of sensors as a single entity. This
allows elimination of both noise and fading effects in a more
efficient way than other existing techniques.
Now consider that the first sensor of the array is the array

reference point. Let us denote the associated manifold vector as
. Without any loss of generality, we will define the location of

the 1st sensor as the primary reference point. Next consider that
the array reference point is changed to be at the th sensor of the
array. In this case, the new reference point is and the array
geometry is set with respect to this. Furthermore, the source
is at range and direction relative to
this new reference point. Thus, the measurements from the array

are now taken with respect to where

(10)

The covariance matrix when the reference point is at the th
sensor is constructed by

(11)

or in practice, using the sample covariance matrix,

(12)

where

(13)

Here, denotes the snapshots of data received from the
sensor large aperture array and follows the signal model in (10).
It can be proved that the array manifold vector denoted by ,
when the reference point is at the th sensor, is directly related to
, when the reference point is at the 1st sensor (i.e., the primary

reference point) via a constant scalar, as follows:

(14)

where

(15)

It is key to note that (14) illustrates that although the manifold
vectors and constructed at two different reference points
have different magnitudes, they are collinear, and hence span the
same one dimensional subspace embedded in dimensional
complex space.
In this paper, the above properties related to the rotation of

the reference point will be exploited to determine the location
of the source. Furthermore, both wideband and narrowband as-
sumptions will be considered. With reference to (3), the vector

is defined as

(16)

(17)
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where the th element of the vector is themes-
sage signal received by the th array element and is a delayed
version of the transmitted message signal . In general, in
wideband cases,

(18)

However, if the message signal is slow varying as it propagates
through the array (i.e., narrowband assumption) then

(19)

In this case, (16) becomes

(20)

In Section II.A, (16) will be assumed and in Section II.B, (20)
will be considered as a special case. Furthermore, a comment
on handling multiple sources and multipath will be made in
Section II.C.

A. Wideband Model Association Phase

As mentioned previously, by rotating the array reference
point to be at each of the array sensors in turn, covariance
matrices can be constructed. In the case of a wideband model,
the covariance matrix , constructed using (11), when the
reference point is at the th sensor has the theoretical structure

(21)

where represents the covariance of the message
signals received from the array of sensors and is defined by

(22)

Performing eigenvector decomposition on the received signal
covariance matrix (when the reference point is at the th array
sensor) gives

(23)

where are the eigenvectors of and
is a diagonal matrix with the leading diagonal elements de-
noting the corresponding eigenvalues. These are defined by

(24)

where is the th eigenvalue when the reference point is at
the th array sensor. Furthermore, is a diagonal
matrix with the leading diagonal elements denoting the signal
eigenvalues. These are defined by

(25)

where is the th signal eigenvalue when the reference point
is at the th array sensor. Equation (23) implies that

(26)

The noise power can be estimated (see Appendix B) when
the array reference point is at the th and th array sensor using
the vectors and obtained from and as

(27)

Note that although (27) uses two of the covariance matrices,
in practice, can be averaged over all covariance matrices.
Having estimated , the signal eigenvalue matrices can
be estimated as

(28)

From (21), it can be shown that the trace of the signal eigenvalue
matrix estimated when the array reference point is at the th
sensor, is related to the range of the source from this sensor
as

(29)

where is the th element of and is the power of the
message signal received at the th sensor of the array. It is clear
from (29) that the ratio of the traces of the two signal eigen-
value matrices, estimated when the array reference point is at
the th sensor and the primary reference point (i.e., the 1st array
sensor), will be related to the ratio of ranges of the source with
respect to the th and 1st array sensors via

(30)

It is important to note that this cancels the channel fading effects
modelled by the vector and the message signal powers for

. Hence, by rotating the array reference point
to be at the array sensor locations3, diagonal matrices of
signal eigenvalues can be estimated related to the range of the
source from the corresponding array sensor. Assuming the prop-
agation constant is known or was previously estimated, these
signal eigenvalues can all be used to construct ratios of
ranges of the source with respect to each of the array sensors
and the primary reference point (i.e., the 1st sensor). This cre-
ates the vector to be used in the Metric-Fusion
phase of the localization approach where

... ...
(31)

3Note that the proposed approach also works if the array reference point is
only rotated to be at a subset of the array sensors. This subset must be greater
than where if the source is located in space and if it is
in space.
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B. Narrowband Model Association Phase

For the narrowband case, the signal vector
given by (10), received by an array of sensors, can be sim-
plified using (20) to

(32)

Once again, by rotating the array reference point to be at each of
the array sensors in turn (including the primary reference point),
covariance matrices can be constructed. The covariance ma-

trix , constructed using (11), when the reference point is at
the th sensor now has the theoretical structure

(33)

where is the received power of the message signal .
The noise power can now be estimated by performing an
eigenvector decomposition of the covariance matrices and aver-
aging the smallest eigenvalues. The corresponding signal
eigenvalue at the th reference point, , can then be estimated
by subtracting this estimate from the principle eigenvalue of the
covariance matrix , defined as . Hence,

(34)

(35)

From (33), it can be shown that the signal eigenvalue at the th
reference point is related to the range of the source from this
point as

(36)

Hence, as with the wideband case, it is clear that the ratio of
the two signal eigenvalues and will be related to the ratio
of ranges of the source with respect to the th sensor and the
primary reference point (i.e., the 1st sensor) via

(37)

as the fading effects modelled by the vector are again can-
celled. Therefore, the vector to be used in the
Metric-Fusion phase can be formed as,

... ...
(38)

again, assuming the propagation constant is known or has been
estimated.

C. A Comment on Cochannel Interference and Multipath

The proposed approach locates a single source in the pres-
ence of noise and fading effects. For sources operating in a
frequency selective channel, the approach can be extended if the

sources employ PN-codes with both good cross-correlation and
auto-correlation properties (e.g., gold sequences). In this case,
at the array, these properties can be exploited by employing a
tap delay line to separate the line of sight signals from multi-
path signals as well as other signals present on the same channel
(i.e., cochannel interference). This can be achieved using the
approach proposed in [28] to extract the line of sight path cor-
responding to a desired user. The extracted signal can then be
used to construct a metric vector using (31) or (38).

III. METRIC FUSION PHASE

In this section, the vector presented in (31) or (38), which
is estimated as part of the association phase, will be utilized as
a metric to estimate the location of the corresponding source.
This location estimate is given with respect to the origin. In [5],
it is shown that the vector , produced in the narrowband case
(see (38)), can be used to construct disjoint loci, assuming
the array sensor locations, including the first sensor located at
the primary array reference point , are known. The centres

and radii of these loci are defined by

(39a)

(39b)

A derivation of these equations can be found in Appendix C.
The common intersection point of these loci provides an esti-
mate of the source location. Hence, in space, a minimum of

loci and hence sensors are required to obtain
an unambiguous estimate of the source location. In contrast, for
space, a minimum of loci and hence sensors

will be required.
Plotting (39a) and (39b) for different source locations (i.e.,

different ) but fixed and (i.e., fixed sensor locations)
creates a family of circles known as a hyperbolic pencil, which
covers the entire plane. Fig. 3 shows this family of circles to-
gether with the locus of which is a line passing through
and (red dotted line).
Note that:
1) If then ,

which therefore implies that .

2) If then ,

which therefore implies that .
3) Special Cases:

a) As , then and ,
b) As , then and ,
c) When the locus forms a perpendicular bi-
sector terminating at both the 1st and th sensors.

In (1) and Table I, a set of linear equations were used to pro-
vide Metric-Fusion for different localization approaches (TOA,
TDOA and DOA). In a similar fashion, Metric-Fusion can be
performed in the proposed approach by solving the following set
of linear equations (a derivation can be found in Appendix D):

(40)
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Fig. 3. Hyperbolic pencil produced from (39a) and (39b) for different source
locations in space. The red dotted line represents the locus of the centre’s

for various values of . The vectors and are the locations of the 1st
and th sensor and the primary reference point is at the 1st sensor.

where, in the general case,

(41)

(42)

(43)

with

(44)

denoting the array sensor locations excluding the first sensor
(i.e., the primary reference point). Note that in (41), is known
(i.e., it has been estimated from the received data using (31) or
(38)). In addition, note that in contrast to the other localization
approaches in Table I, this is the only one to use the sensors as
an array system. It is important to point out that in space, for

sensors, can be found by taking the inverse of the
matrix . This provides an estimate of the source location
with respect to the global reference point (i.e., the origin) and the
range with respect to the primary reference point. Using more
than sensors will produce an overdetermined system of
equations. Now, can be found by taking the pseudo inverse
of the matrix (i.e., ) which will provide a least
squares error estimate of the source location (and range). This
allows the effects of a finite observation interval and noise to be
reduced at the expense of using more than the minimum number
of sensors.
Theoretically (asymptotically), the metric will be found

using the covariance matrix in (11) and hence solving (39) and
(40) will result in zero localization error. However, in practice,
a finite number of snapshots (finite observation interval) means
the covariance matrix must be constructed using the practical

Fig. 4. A representative example of focusing vectors and loci used to evaluate
the performance of the localization approach in space.

covariance matrix in (12) which will cause an error in the esti-
mation of the metric . This will propagate to the centres and
radii of the circles constructed in (39a) and (39b) or the matrix
in (40), and hence give rise to an error in the estimation of

the location of the source. The upper bound (i.e., the worst case
scenario) of the root mean square error (RMSE) of the source
location estimate for the narrowband4 case is derived in [5] and
is given below:

(45)

where

(46)

and is defined by

(47)

Furthermore, the matrix is defined as,

(48)

with,

(49)

where are known as “focusing” vectors (see Fig. 4 for a
representative example in space) and denote the unity norm
vectors from the centre of the circular loci produced using (39a)
and (39b) to the “focusing” point of the system which is the
location of the source.
With reference to (45), the RMSE upper bound is determined

by the product (1st Term) as well as the array ge-
ometry and source location (2nd Term). Sensor locations which
provide the largest angle between focusing vectors provide the

4For the wideband case, (45) can also be used but with replaced with
.



6624 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 12, DECEMBER 2012

lowest RMSE bound. Hence, for an sensor array (i.e.,
the minimum number of sensors), a good array geometry will
have 3 focusing vectors which are 120 apart from one another.
A bad one will have two or more collinear focusing vectors. It
is important to note that a good array geometry for one source
location may be bad for another.
For a given array of sensors, the overall localization ap-

proach is now presented in a step-by-step format:
Step 1) Collect snapshots of data from the large aperture

array of sensors in the presence of the transmit-
ting source to form the matrix described in (13).
In the case that a PN-code is transmitted, perform
spatiotemporal pre-processing to isolate the line of
sight path of the desired user.

Step 2) Rotate the array reference point to be at each of the
array sensors to produce matrices, , describing
the data received in each case.

Step 3) Construct the covariance matrices corresponding
to each using (12).

Step 4) Find the signal eigenvalues for each covariance ma-
trix. Use these to construct the metric via (31) or
(38).

Step 5) Using and the array geometry, solve the set of
linear equations described in (40) to estimate the
source location. Alternatively, construct a set of loci
using (39a) and (39b).

IV. PERFORMANCE EVALUATION

A. The Effect of a Finite Number of Snapshots

Consider a planar wireless array of sensors, which is
the minimum number of sensors required for localization in
space. The Cartesian coordinates of the array are described by
the matrix which is expressed in metres and defined as:

(50)

with a single source operating at frequency GHz from
the location

(51)

where m, and which must be esti-
mated. Consider that the wireless channel undergoes an inverse
fourth power law path loss . In addition, the unknown
vector whose elements represent channel fading effects has
a magnitude modelled by a log-normal distribution with mean
0 dB and standard deviation 8 dB and a phase modelled by a uni-
form distribution over radians. In this section, the RMSE
of the localization is estimated over
and snapshots based on 200 realizations for both nar-
rowband and wideband scenarios. Furthermore, it is assumed
that there is no multipath and the Metric-Fusion phase is solved
using the set of linear equations defined in (40).
Narrowband Case: Consider a narrowband scenario with a

channel symbol period of 50 ns. Fig. 5 shows the performance of
the proposed approach in terms of the RMSE localization error
as a function of . The results of the 200 realizations

Fig. 5. Narrowband Case: The RMSE of the location estimate for the narrow-
band case over 200 realizations plotted as a function of the product
for different localization approaches. The array geometry is described in (50).
Furthermore, the coloured dots represent the instantaneous values of the local-
ization error under which the RMS error is calculated for the proposed approach.

are shown by points and the RMSE is shown as a continuous
line. Also shown is the theoretical upper bound (i.e., the worst
case scenario) of the RMSE calculated using (45) and a repre-
sentative example of a TOA and an RSS narrowband localiza-
tion approach operating under the same scenario. Here, the TOA
technique assumes full synchronization between the source and
the sensors and employs a Generalized Cross Correlator (GCC)
to estimate time delays [19]. The RSS technique assumes a free
space path loss model to estimate the range of the source at each
sensor. It is clear that the performance of the proposed approach
exceeds that of the TOA and RSS approaches. Furthermore, it
is clear that the RMSE reduces as a function of . That
is,

(52)

Note that the poor performance in the TOA approach at low
SNR is attributed to the low bandwidth of the emitted signal (see
[29] and [30] for more information). In addition, the simulation
results show that the performance of the proposed approach is
better (smaller) than the theoretical RMSE upper bound (45)
which is related to the worst case scenario.
It is important to note that in [31], experimental narrowband

results for the proposed localization approach were presented
and compared with simulation results. In particular, four USRP2
software defined radio boards manufactured by Ettus Research
operating at GHz where used to form an
sensor array with the following geometry in metres:

(53)

Note that here the primary reference point (i.e., the location of
the first sensor) is at the global reference point (i.e., the origin).
It is shown that following an ad-hoc array calibration approach,
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Fig. 6. Wideband Case: The RMSE of the location estimate for the wideband
case over 200 realisations plotted as a function of the product for
different localization approaches. The array geometry is described in (50). Fur-
thermore, the source transmits an chip Gold sequence and the coloured
dots represent the instantaneous values of the localization error under which the
RMS error is calculated for the generalized wideband case.

the performance in practice, within an anechoic chamber, is
comparable to simulation. For a source at m,

and , the instantaneous estimation error
under snapshots and dB was found to
be 0.090203 m in simulation and 0.060996 m using practical
data.
Wideband Case: For the array in (50), to create the wide-

band scenario it is assumed that the source transmits a gold
code (a special type of PN-code with good auto-correlation and
cross-correlation properties) of length with a chip pe-
riod of 5 ns. Initially, the properties of the gold code are not used
in the localization process. Fig. 6 shows the performance of the
proposed approach (wideband), again measured in terms of the
RMSE localization error as a function of . The results
of the 200 realizations are once again shown as points together
with the RMSE (red continuous curve). Also shown in Fig. 6
are the TOA and RSS localization approaches described in the
previous section under the wideband case. Neither exploits the
PN-code information. It is again clear that the performance of
the proposed approaches exceeds that of the TOA and RSS ap-
proaches. The special case of the proposed approach where the
PN-code information is utilized is also shown in Fig. 6 for com-
parison (black continuous curve). It is observed that even though
there is no multipath and no cochannel interference, the perfor-
mance is improved. This is an expected result since the tem-
poral characteristics provide an SNR improvement by a factor
of (the “processing gain”). It can be shown that increasing
the length of the PN-code will further improve the performance.

B. The Effect of the Array Geometry

Consider the array geometry described in (50) in the presence
of a source at m, and . Using (49), the

Fig. 7. Positioning circles and pointing vectors for the array geometry in (50).

angle between focusing vectors (shown in (45) to directly affect
RMSE of the localization accuracy) are,

(54)

In Fig. 7 the focusing vectors, the ideal location of the posi-
tioning circles, the location of the source and the location of the
array sensors are illustrated. This is a good array geometry for
this source location since the angle between focusing vectors is
120 .
Next consider the following array geometry,

(55)

in the presence of a source at the same location. The angle be-
tween the focusing vectors are now,

(56a)

(56b)

(56c)

The focusing vectors, the ideal location of the positioning cir-
cles, the location of the source and the location of the array sen-
sors are illustrated in Fig. 8. Compared to the sensor locations in
(50), this is a bad array geometry for this source location since
the angle between and becomes small. Hence, the theo-
retical RMSE localization performance will be lower.
To illustrate the effect of array geometry on the localization

accuracy, the RMSE of the source location is found under simu-
lation for the two array geometries based on 200 realizations at
a fixed for the narrowband case. A minimum number
of sensors are used in each case. Results are shown in Fig. 9
for and . It is clear that the
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Fig. 8. Positioning circles and pointing vectors for the array geometry in (55).
This is worse than the geometry illustrated in Fig. 7 (or (50)).

Fig. 9. RMSE of the localization accuracy over 200 realisations for the geome-
tries shown in Fig. 7 (or (50)) and Fig. 8 (or (55)).

geometry of the array sensors has a significant effect on the per-
formance of the approach. These “bad” geometry effects can be
reduced by using more sensors in the array than the minimum
number ( in space and in space).
Note that it can be shown that the RMSE localization error

is smaller for source positions closer to the primary array ref-
erence point than at positions which are further away. With
reference to (45), this is due to the poor conditioning of the
vector when the source is far away from the primary refer-
ence point (sensor 1) as well as the SNR (measured with respect
to this point) being lower here. In addition, it can be shown that

Fig. 10. Wideband case with cochannel interference: The RMSE of the loca-
tion estimate computed over 200 realizations in the presence of wideband
sources plotted as a function of the product . The array geometry is
described in (50) and the sources transmit chip Gold sequences with
the first source taken to be the desired source.

changing the sensor representing the primary reference point
will cause this distribution to approximately rotate. Hence, the
performance of the proposed algorithm could be optimized even
further by choosing the primary array reference point to be the
sensor with the largest received signal strength. Alternatively,
the average of the location estimates could be found when the
primary reference point is set to be at each of the sensors.

C. Localization in the Presence of Other Sources

Consider the array of sensors at the locations de-
scribed previously in (50) with the primary array reference
point at the first sensor. Now, sources are introduced inside
the array geometry transmitting different gold codes of length

which are designed to minimize the cross-correlation
between codes. The first source is assumed to be the desired
source to be localized with the remainder being cochannel in-
terference. It is assumed that there is no multipath. The RMSE
of the localization accuracy for the desired source is found for
a range of values where
and snapshots under 200 realizations. Results are
shown in Fig. 10 for (i.e., only the desired signal),

(i.e., one desired and four cochannel interferences)
and . It is clear that the algorithm is capable of
localizing the desired source in the presence of many interfering
sources to a high accuracy for dB. Furthermore,
Fig. 10 illustrates that the presence of an increased number of
interfering sources has little effect on the proposed approach
due to interference cancellation provided by the temporal
properties of the transmissions. This is expected since there is
no change in the processing gain of the gold code employed
in each case. The small decrease in performance when more
sources are present arises because the non-ideal cross-correla-
tion effects (i.e., the gold codes are never fully uncorrelated)
are intuitively larger with an increased number of sources.
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Fig. 11. Representative example of how the range of the source from the th
sensor denoted as can be expressed as a function of the location of the sensor
and the source with respect to the array reference point in space.

V. CONCLUSION

In this paper, a novel target/source localization approach is
proposed using a number of sensors (surrounding or not sur-
rounding one or more sources) to form a sparse large aperture
array of known geometry. The proposed approach, based on the
spherical wave propagation model, relies on rotating the array
reference point to be at each of the sensors in the array and
solving a set of linear equations to infer the source location.
The approach is robust to fading effects and can be easily ex-
tended, using PN-codes to combat multipath and cochannel in-
terference. A number of simulation studies show that the pro-
posed approach can estimate the position of sources with ex-
ceptional accuracy, even for low . Analytical expres-
sions were also provided to theoretically interrelate the estima-
tion error with the number and location of the array sensors, the
SNR and number of snapshots.

APPENDIX
PROOF OF (7)

With reference to Fig. 11, consider a source at location
with respect to an arbitrary array reference point. The range
of the source from the th sensor can be expressed in terms of
the location of the sensor and the location of the source as,

(57)

The location of the source can be expressed in polar coordinates
as a range and angle with respect to the array reference
point as,

(58)

where is given by (9). Hence, (57) becomes,

(59)

For all array sensors at locations,

(60)

this gives,

...
(61)

which corresponds to (7) and allows the range between the
source and each of the array sensors to be related to the direc-
tion and range of the source from the array reference point.

APPENDIX
PROOF OF (27)

Consider and correspond to the eigenvalues of the
received array covariance matrix when the reference point is at
the th and th sensor of the array. Here, and correspond
to the th and th element of the vector . Using (26),

(62a)

(62b)

Thus,

(63)

For ,

(64)

By simplifying the expression above,

(65)

Averaging over all elements of the vectors and ,

(66)

This corresponds to (27) giving an estimate of the noise power
in the system when the reference point is at the th and th array
sensors.

APPENDIX
PROOF OF (39)

The distance between a source at location and the th
sensor in the array at location is given by,

(67)

Similarly, the distance between the source and the first array
sensor located at is given by,

(68)
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Constructing the ratio of ranges provides,

(69)

where can be estimated using the data collected from the
array via (31) or (38) when the first sensor is at the primary
reference point. Equation (69) can be expanded and rearranged
to give,

(70)

Adding the term to both sides,

(71)

(72)

Hence,

(73)

This defines a circular locus that passes through with the
centre,

(74)

and radius,

(75)

This is consistent with the expressions given in (39a) and (39b).

APPENDIX
PROOF OF (40)

Consider that there are array sensors and hence ra-
tios of ranges of the source between the primary reference point
(1st sensor) and the remaining sensors in the array, described
by the vector . Note that this vector can be estimated from the
data collected from the array via (31) or (38). Here, , (the th
element of ), describes the ratio of range between the th and
first array sensor. Each of these ratios can be expanded to the
form of (70) as shown in Appendix C. This expression can be
rearranged to give,

(76)

Adding to both sides of the above
equation and rearranging gives

(77)

Hence, equations can be expressed in matrix form as,

...
...

(78)

Defining,

(79)

Equation (78) can be expressed as

...
...

...

(80)

Therefore, the location of the source, , and the range of the
source from the primary sensor, , can be estimated by solving
the following set of linear equations which is consistent with
(40),

(81)
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