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ABSTRACT 
In this paper the effective manifold of a linear 

array of sensors, that is the manifold associated with 
the fourth-order signal-subspace techniques, is investi- 
gated. The results indicate that, like the manifold 
itself, the effective manifold has the shape of a 
hyperhelix. By using the rate of change of arc-length, 
and the first curvature of this hyperhelix, three lower 
bounds on the performance of fourth order signals 
subspace techniques are presented for arrays 
operating in the presence of independent sources. By 
evaluating these bounds it is shown that fourth-order 
signal subspace techniques provide an increase in 
resolving and detecting power of an array as well as 
estimation errors of smaller variance. 

1. INTRODUCTION 
Consider an array of N sensors and M narrowband 
signals impinging on the array from M different 
directions g=[B,,B,, .., OMIT which are the parameters 
to be estimated. Then the array output signals can 
be modelled as: 

- x ( t )  =A(B) .m(t) +E(t) (1) 
where ~ ( 2 )  E fl is the vector of complex signal 
envelopes, g(t) E CN is additive thermal and 
isotropic noise and A(&) E flX hi is a matrix with 
columns the manifold vectors &(e .), i=1,2,..,M. That 
is A(B)=b(O1), &(.(e,), ..., &(OM)] .  Notice that a 
manifold vector &(.(e) represents the complex response 
of the array to  a unity power signal impinging on 
the array from the direction 0 and in the case of a 
linear array of N omnidirectional sensors it can be 
written as follows: 

(2) a(e)=e-j x _r .cos8 - 
where 1: is the real N-dimensional vector which 
denotes the locations of the sensors in half 
wavelerigths, and 0 is measured from the array axis. 

By recording the continuum of the vector &(e) 
as a function of 8,  a curve (i.e. a 1-dimensional 
continuum) is formed in N-dimensional complex 
space. This curve is known as the array manifold 
and can be seen as the locus of all manifold vectors. 

The array manifold curve is very important 
since superresolution techniques and in particular 
signal subspace type techniques are based on 
searching this curve [l] to  identify points which 
match to the signal subspace. The knowledge of the 
second order statistics of the received signal-vector 
- x ( t )  (which provides the signal subspace), in 
conjunction with the knowledge of the array 
manifold are the basic ingredients in any signal- 
subspace-type algorithm employed to  estimate the 
unknown parameters (directions) e= [e, ,e2,. . . ,eM] T. 

However, a complete knowledge of the second 
order statistics is only available over an infinite 
observation interval (or infinite number of 
snapshots). In practice the observation interval is 
finite which implies incomplete knowledge of the 
second order statistics of x( t )  and therefore provides 
low quality signal subspace estimates. This results in 
the introduction of uncertainties in the final 
direction estimates. 

Recently signal-subspace techniques based on 
higher order statistics of the received signal ~ ( t )  
have been used [e.g. 21 in conjunction with an 
effective array manifold rather than the array 
manifold itself, to  provide the unknown parameters 
- O=[Ol,.(e2,...,0M]T (with the effective array manifold 
being a known function of the array manifold). 
Again the knowledge of the higher order statistic is 
incomplete due to finite observation interval. 

In this paper we will assess the quality of the 
direction estimates provided by signal-subspace algo- 
rithms based on the fourth order statistics of a finite 
number L of snapshots of g(t) received by a linear 
array of sensors. With the array operating in the 
presence of independent sources the results will be 
compared with those provided by signal subspace 
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techniques based on the second order statistics of 
the signal-vector ~(2). 
The criteria to be employed are the following: 

1. The Cramer Rao Lower Bound (CRB) 
2. The Detection Lower Bound (detection threshold) 
3. The Resolution Lower Bound (resolution threahold). 

However in order to be able to use the above criteria 
the manifold and effective manifold should be 
considered first. 

In Section 2 the differential geometry pro- 
perties of the array manifold and the effective array 
manifold will be investigated, and the concept of 
effective linear array will be introduced. 

In Section 3 the above mentioned three quality 
criteria will be presented and used to assess the 
quality of signal subspace techniques based on the 
fourth order statistics of g(t). 

In Section-4 the paper will be concluded. 

2. MANIFOLD and EFFECTIVE 
MANIFOLD 

As mentioned in the previous section, the array 
manifold/effective array manifold curve is searched 
in order to identify points on it which match an 
estimated signal subspace. However, this curve is 
searched in an elementary way since its main 
parameters and shape are, in general, unknown. 

Recently [3], the array manifold curve has been 
studied by using differential geometry and its more 
important parameters such as: arc-length s, rate of 
change of arc-length b and the set of manifold 
curvatures have been identified and calculated 
analytically. 
Arc-length, s, and the rate of change of the arc- 
length, i, are basic parameters of any curve. The 
arc-length in our case is defined as : 

(3) 

and it is a much more natural way of parametrising 
the manifold curve as compared with 0 since it 
corresponds to  the actual physical length of the 
curve in complex space. On the other hand the rate 
of change of the arc-length which is a local  
parameter of the manifold, is defined as 

s(e) $+,(e) 11 (4) 
where (*) denotes differentiation with respect to 
parameter 8. It is easy to show, by using Equation-2, 
that the above two parameters s and i can be 
expressed, for a linear array, as follows: 

and 

where the initial condition s(O)=O has been 

s ( e ~ = T . ~ ~ E ~ ~ . ~ i  - case) (5) 

(6) i(e)=s .I( E 1 1 . ~ i ~ 0  

assumed. 
Furthermore, according to the fundamental unique- 
ness theorem, curvatures uniquely define a space 
curve. In the case of the array manifold of a linear 
array of sensors, the curvatures can be found to be 
given by the following recursive equation: 

b .  * ,n  =bj-l,n+k;?lbj-2,n-l (7b) 

b .  * , I  =1, kl$I f 2  11 (7c) 
with initial conditions 

and - r  
?'---the vector of normalised sensor locations - I I -  - 

It is obvious that the curvatures of the array 
manifold are independent of the direction 0 (or arc- 
length) implying that the manifold curve is a 
circular hyperhelix in complex N-space. 

Effective Array Manifold ~ ( 0 ) .  
As was mentioned in the previous section the 

effective array manifold is a known function of the 
array manifold &(e). For fourth order statistics this 
function is the Kronecker product. That  is, 

e - ae(e) =&(e) @&(e)* E CN (8) 
where @ denotes the Kronecker product operator. In 
fact the effective array manifold has dimensionality 
of (eN-1) which is a direct result of the redundancy 
produced by the Kronecker product. 
Also, - a,p) -&(e) @&(e)* = 

- e-j x 1 .cos0 @ e j x 1 .cos0 - 

(9) 
- j  (r ex) .cose  =e 

where 8 is defined as the Kronecker subtraction 
(similar to Kronecker product). Equation-9 indicates 
that there is an  equivalent linear array (a 
hypothetical array) of "2 sensors located at xe=l 81: 
which has as manifold the effective array manifold of 
the original array of N sensors. We will call this 
hypothetical array effective linear array which has 
the manifold 

(10) 
- j  Ee.cose - ae(0)=e 

Notice that for independent sources, the fourth order 
statistics of the original array look like the second 
order statistics for the effective linear array. 
To illustrate this point consider a three element 
array like the one shown in Figure-1 which employs 
the fourth order statistics of the received signal- 
vector g(t). 
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FIGUREI:  Actual sensor locations using fourth-order 

statistics. 

By using Equation-10, it can be readily seen that 
Figure-1 is equivalent to Figure-2 where there are 
nine sensors located at five different locations which 
employed the second order statistics of the 
hypothetically received signals gejjeetive(t). 

one two three two one sensor sensors sensors aenaora sensor 

Covariance Matrix 
(9 x 9 matrix) 

FIGUREZ: Equivalent configuration to that shown in 
Figure-1 for independent sources with the 
powers of the sources in Figure-2 numerically 
equal to the fourth order cummulants of the 
sources in Figure-1. 

It is clear that, because of the virtual increase of the 
number of sensors a t  different locations, it is possible 
to handle more independent sources than the actual 
number of physical sensors. 
It can be readily seen that  the arc-length and rate of 
change of arc-length of the effective array manifold 
are: 
and Sp)=T. I I1 :er  11.p - case) (11) 

i(e)=T.llrer Il.sine (12) 
and its curvatures are given by Equation-7 with the 
difference that f should be replaced by 

The rate of change of arc-length given by Equations 
6 and 12 are shown in Figure-3 for a linear array of 
three sensors. 

re  ‘ 
ll1:er I1 * 
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using fmrth-order /----..d statistics 
(Figure 1 or 2) \ I  
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FIGURE3: Rate of change of arc-length for a linear array 

of bsensors 

It has been shown in [4] that the rate of change i(0) 
of arc-length of the manifold and its curvatures play 
a crucial role in dictating the resolution/detection 
capabilities offered by the array manifold. 
For example the higher the i(0) the better the 
resolution as well as detection capabilities of the 
array. Thus, from Figure-3 it can be seen that fourth 
order signal subspace techniques provide an  increase 
in resolving and detecting power of an  array. 

3.PERFORMANCE CRITERIA and 

The set of the curvatures describes fully the array 
manifold curve of a linear array or its effective linear 
array. However the hyperhelix can be approximated 
locally by a circular arc. This implies that the first 
curvature is enough to describe a small segment of 
the manifold curve a situation which is important to 
superresolution techniques which handle sources 
located close together. 
Thus, the CRB, the detection and the resolution 
criteria [4] can be used to  assess the performance of 
both fourth and second order signal subspace 
techniques by considering two independent signals 
arriving from bearings e l ,  Be. 
Cramer- Rao-Bound: 

COMPARISON 

where Pk =I - A(@J.(A(OJHA(s))”.A(gH 

or, by using the first curvature only 
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where, for second order 
AS=T.IIIII.~( CO&, - 11 (17) 

As=?r.111:81: 11.11 co~e,- 11 (18) 

P,, P, = signal powers 

or, for fourth order 

Pf, P, = fourth order cummulants of m, (t), m2(t) 

&el),A@ be replaced by &,(e,),A,(B) 

Notice that As N AO.i(O), kl is the first curvature of 
the curve, and C is a constant O <  C< 1 which 
signifies the additional uncertainties introduced into 
the system due the employment of a non-perfect 
algorithm (e.g. MUSIC, Min-Norm etc) with C=l for 
a perfect algorithm which implies lower bounds. 

Figure 4 illustrates the CRB lower bound and 
Figures 5 and 6 show the Resolution and Detection 
Lower bounds respectively, and as a function of the 
direction O f .  In all those figures Be is taken equal to 
0,+5”. The solid lines represent lower bounds of the 
performance of a linear array of sensors with 
locations ~ [ - l , O , l ]  as illustrated in Figure 1. On the 
other hand, the dotted lines represent lower bounds 
on the performance of a linear array of three sensors 
with locations ~ [ - 1 , 0 , 1 ]  which employs the second 
order statistics of ~(1). 

4. CONCLUSIONS 
The manifold of signal-subspace techniques 

based on the fourth-order statistics of the received 
signal g(t) has the shape of a hyperhelix. By using 
the properties of this hyperhelix it has been shown 
that these techniques provide better resolution- 
detection capabilities and estimation errors of 
smaller variance than their second-order counterpart. 
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FIGUREI: Cramer-Rao Lower Bound. Number of 

snapshots L=lOO collected by a linear array of 
3-sensor. 
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FIGURE5: Detection SNR lower bound. Number of 

snapshots L = f  00 collected by a linear array of 
%sensor. 
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FIGUREG: Resolution SNR lower bound after. Number of 

snapshots L=lOO collected by a linear array of 
bsensor. 
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