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Abstract

The research presented in this thesis is concerned with multi-target localisation

in MIMO radar. In particular, the aim is to develop novel algorithms which can

improve the performance of target localisation.

Firstly, a general spatiotemporal received signal model for MIMO radar is

formulated. When the targets’relative delays are negligible, the general model

turns into the spatial only signal model in which, in order to enjoy the enhanced

parameter identifiability brought by the waveform diversity, a combined approach

based on the virtual array structure is proposed for the multiple targets’directions

and path gains’ estimation. The virtual array structure enables the proposed

approach to identify more targets with accurate estimation. Besides, inspired

by STAR manifold in communications, a novel spatiotemporal signal model for

MIMO radar is proposed, which enables the existing multi-target localisation

methods designed for the spatial only model working for the spatiotemporal one.

Secondly, the multi-target localisation of MIMO radar operating in an envi-

ronment with closely located targets is concerned. In such a scenario, the mu-

tual interferences among targets severely degrade the performance of the current

multi-target parameter estimators. Thus, an optimisation which takes account of

the suppression of the mutual interferences for multi-target parameter estimation

is formulated and the solutions to it are derived. Thirdly, based on these solu-

tions, two novel multi-target parameter estimators are presented. By suppressing

the interferences in the estimation, both the proposed methods outperform the

existing ones.

Finally, for the purpose of exploiting the high directional gain provided by

the Tx beamforming in the multi-target localisation of MIMO radar, a joint Tx

and Rx multi-target localisation approach is proposed. The cooperation between

the Tx beamforming and target localisation enables the proposed approach to

achieve better performance for the localisation of multiple targets.
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Chapter 1

Introduction

Despite more than a hundred-year history, radar is still a vital research area.

Recently, a new concept of radar namedMultiple-Input Multiple-Output (MIMO)

radar emerged and received considerable attention. The recent work indicates

that MIMO radar has the potential to outperform the conventional radar systems.

In this chapter, in order to help understanding the work presented in the rest

of the thesis, the basic but important terminologies and concepts in radar are

clarified and some fundamentals of array signal processing are briefly described

first. Then, the recent work in MIMO radar is introduced, which leads to the

main subject of this thesis: multi-target localisation in MIMO radar. Finally, the

organisation of this thesis is outlined.

1.1 Basic Review of Radar

Radar, RAdio Detection And Ranging, is an electromagnetic system for the de-

tection and localisation of objects such as vehicles, ships, aircrafts, space vehicles,

natural environment and creatures in an unknown area. The underlying principle

of radar systems is to collect the electromagnetic waves from objects and process

them appropriately to obtain as much information of objects as possible. The

information includes the target’s presence, direction, distance, velocity etc.. The

basic concept of radar arises from the classical experiment by Heinrich Hertz at

1



1. Introduction 2

the end of 19th century for verifying the predictions of James Clerk Maxwell’s

theory of the electromagnetic field [1]. The first embryonic radar system was as-

sembled by Christian Hulsmeyer at the beginning of the 20th century. However,

radar has not been paid much attention until the period around WWII when

radar was secretly developed by several nations. The terminology, RADAR, was

coined by the US Navy in 1941. Then, radar has become a vibrant scientific field

and been applied in a various areas such as military, remote sensing, air traffi c

control, highway safety, ship safety and space [1, 2, 3, 4].

1.1.1 The Classification of Radar

Due to different characteristics and applications, radar systems can be cate-

gorised in different ways. Here, three typical classifications of radar are presented.

Fig. 1.1 shows the relationship among these classifications and the specific type

of radar focused on in this thesis.

Figure 1.1: The classification of radar systems

A. Passive or Active

Generally, radar systems can be categorized into passive and active radar

systems (as shown in Figs. 1.2 and 1.3).
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Figure 1.2: The schematic diagram of passive radar

Figure 1.3: The schematic diagram of active radar
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Passive radar is, essentially, a receiver-only radar that dissociates the receiver

and the transmitter and only processes the passively received signals from the

targets. These signals could be generated by the targets or the signals which

are from non-cooperative illuminators (such as commercial broadcast and com-

munication signals) and reflected by the targets [5][6]. Since no transmitter is

deployed, a passive radar is virtually undetectable to surveillance receivers and

of lower cost compared to active radar [7]. However, it lacks the control of the

non-cooperative illuminators which restricts its practical application.

In active radar systems, the transmitter emits a known signal towards the area

of interest. Then, a portion of the transmitted signal is reflected by the target

and directed back to the receiver. The returned reflected signal to radar not only

indicates the presence of a target, but also by processing with the signal that was

transmitted, the target’s location can be determined as well as other information

related to target, such as velocity and shape etc.. Since active radar operates with

its own transmitter, the flexible design of the transmitted signals allows active

radar to have numerous applications such as Moving Target Indication (MTI),

Synthetic Aperture Radar (SAR) and radar speed meter etc.. The rest of the

thesis is based on active radar.

B. Monostatic or Bistatic

By considering the positions of the transmitter and receiver, radar systems can

be divided into two groups: monostatic radar and bistatic radar (see Figs. 1.4

and 1.5). In monostatic radar systems, the transmitter and receiver are collo-

cated [8] at the same site. It implies the echo signal travel the same path as

the transmitted signal. Thus, the Direction-Of-Departure (DOD) of the trans-

mitted signal and the Direction-Of-Arrival (DOA) of the echo from the target

are the same (θDOD = θDOA) as well as the target distances to the transmitter

(Tx) and receiver (Rx) (ρ
Tx

= ρ
Rx
). In contrast, a bistatic radar system employs

the separated transmitter and receiver with a considerable distance (i.e. at two

sites). In this case, the DOD and DOA are different, i.e. the echo signal and the

transmitted signal do not share the same path anymore.
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Figure 1.4: The schematic diagram of monostatic radar

Figure 1.5: The schematic diagram of bistatic radar
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Comparing with the monostatic radar, the target localisation of the bistatic

radar is more complicated since the total signal propagation time, the DOA and

the relative position of the transmitter to the receiver are required to solve the

transmitter-target-receiver triangle (i.e. bistatic triangle) which represent the tar-

get localisation [9]. Another advantage of the monostatic radar is more versatile

since only one site is required as compared with two sites of the bistatic radar [1].

The only superiority of the bistatic radar may emerge when it is employed in

a multistatic radar or a radar net for the target detection, which is a different

research field. Therefore, only monostatic radar is considered throughout this

thesis.

C. Pulse or Continuous Waveform

According to the temporal characteristics of the transmitted signals, radar

systems can be classified as Continuous Waveform (CW) radar and pulse radar.

The CW radar transmits a continuous waveform while the pulse radar transmits

multiple short pulses.

Figure 1.6: The signal propagation in pulse radar: the pulse is transmitted with
a repetition period and it returns attenuately after treturn.

In pulse radar systems, the echoes from the targets at different ranges arrive

at the receiver at different times, which easily enables the range estimation for
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Figure 1.7: The signal propagation of FMCW radar: The CW is transmitted
based on a sweep repetition period for its frequency and the frequency-shifted
CW is received after treturn.

pulse radar according to the different propagation times (see Fig. 1.6). However,

a unmodulated CW radar system can only detect moving targets by the Doppler

frequency shift of their echoes, but is unable to estimate the range since no range

information of the targets are obtained. To solve this problem, modulated CW are

applied, such as the Frequency Modulated CW (FMCW) radar (see Fig. 1.7),

in which the transmitted frequency is swept. Then, the frequency of the echo

determines the propagation time and thus the range of the target. However, the

cancellation of the transmitter leakage into the receiver is still a basic problem,

especially for monostatic radar systems. Moreover, with considering the same

energy limitation, pulse radars can operate at much higher peak power than CW

radars. Hence, in the rest of this thesis, CW radars are not considered.

1.1.2 “Point”or “Distributed”Target

In radar systems, the target characteristics such as material, size and incident

and reflected angles are summarized into a single parameter named Radar Cross

Section (RCS). For a point target, the RCS can be simplified as a complex scalar

regardless of the direction and range of the target since it has small dimensions
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compared to the angular and range resolution of the radar, such as a Beoing 747.

Thus, the total backscattered power collected by the receiver from a point target

will be

Received power , PtGtGrσ

(4π)2ρ4
(1.1)

where Pt is the transmitted power while Gt and Gr represent the transmit and

receive antenna gains, respectively. Moreover, ρ denotes the range of the target

and σ denotes the amplitude of the target’s RCS. In contrast, for the distributed

target (or extended target) such as ground clutter and meteorological phenomena

(rain, hail), the RCS of an incremental volume dV of the target has to be con-

sidered as a function of the direction and range of the target, i.e. dσ(ρ, θ, ϕ) [10].

Thus, the total backscattered power is obtained by integrating over the total

volume V of the target as following

Received power ,
∫
V

PtGtGr

(4π)2ρ4
dσ(ρ, θ, ϕ) (1.2)

where θ and ϕ denote the azimuth and elevation of a target with respect to radar

systems, respectively. From the mathematical point of view, a distributed target

can be represented by infinite number (large number) of point targets. In this

thesis, we focus on the case of multiple (finite) point targets.

1.1.3 The Development of Arrays in Radar

Here, the description of the development of radar is based on the number of

antennas in a radar system. In the early days, a single directional antenna (such

as parabolic reflector) was deployed for both the transmitter and receiver of a

radar system, while the scan of the area of the target of interest is realised by

mechanical rotating the antenna.

Later on, a radar system named phased array radar emerged, in which multiple

antennas (antenna array) are adopted for the transmitter or receiver or both (see

[11] and [12] for a historical overview). At the transmitter, a single waveform is

weighted by different phases (array) at different antennas in the transmit array

to form a beam towards a desired direction. Similarly, the receiver has the ability
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to steer multiple, simultaneous beams towards desired directions by weighting

the received echoes by different phases at every antennas in the receive array.

The basic advantage of phased array radars over mechanical scan radars is that

they require no physical movement to realise the same width scan as the latter

one at thousands of degrees per second, fast enough to irradiate and track many

individual targets. In fact, not only phase but also magnitude can be designed

for the weights of every antennas in the array radar (instead of naming as phased

array radar) systems. A variety of array processing techniques for the detection

and localisation of array radars have been well developed and documented in [13,

14, 15, 16, 17].

In the 1990s, an innovative concept, Synthetic Impulse and Aperture Radar

(SIAR), employing sparse circular arrays, was introduced [18]. Rather than trans-

mitting the same waveform as the conventional array radars, the SIAR transmits

the waveforms with different frequencies via different antennas of the transmit

array [19, 20]. This property allows SIAR to achieve the advantages of wideband

radar (improved resolution) but with only narrowband waveforms transmitted

from individual antennas. Moreover, unlike conventional electronical scanning

using beams, SIAR features isotropic radiation which enables SIAR to reduce the

probability of intercept of the radar waveform by a third party. The concept of

this kind of array radar systems is recognised in the similar role of MIMO systems

in wireless communications. The ideas in MIMO communications were found to

be able to utilise in array radar systems. Subsequently, the term “MIMO radar”

has been adopted for array radar systems with cooperating transmit arrays. SIAR

can be considered as a rudiment of MIMO radar.

1.2 Fundamentals of Array Signal Processing

Array signal processing, which has long been a focus of research interest, plays

important roles in a great variety of applications, especially in radar since an-

tenna arrays were widely applied in radar systems. An array is a set of sensors

(antennas) which are judiciously placed in the three-dimensional real space with
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a common reference point [21]. The quintessential goal of array signal processing

is to extract both spatial and temporal information about the surrounding signal

environment of an array from the signals impinging on the array [22, 23]. Due to

different emphases on characterising and exploiting this spatiotemporal informa-

tion, array signal processing aims to address the following general problems [21]:

• Detection problem– concerned with the determination of the number

of incident signals, which is also known as signal enumeration [24, 25].

Essentially, this problem is the spatial analogue of model order selection

in time-series analysis. There exist a number of different approaches to

address the detection problem, such as the well-known Akaike Information

Criterion (AIC) [26] and the Minimum Description Length (MDL) [27] or

Gerschgorin disks [28] etc.

• Parameter estimation problem– in which the parameters characteris-
ing the spatiotemporal information of incident signal such as DOAs, Times-

Of-Arrival (TOAs), ranges, velocities of signal sources etc. are estimated.

The estimation of DOA, known as “Direction Finding (DF)”is the most im-

portant problem in array signal processing, which can be considered as the

spatial analogue of the frequency estimation problem in time-series analy-

sis. Numerous DF algorithms have been developed including the well known

methods: the MUltiple SIgnal Classification (MUSIC) [29], the Estimation

of Signal Parameters via Rotational Invariance Technique (ESPRIT) [30]

and Capon’s method [31], etc.

• Interference cancellation– acquiring the desired signal from a particular
direction while cancelling the interferences (or jammers) from all the other

directions. When the desired signal and interfering signals have overlapping

frequency band but from different directions, temporal filtering fails to sep-

arate the desired signal from interference. However, by deploying an array,

a spatial filter can be implemented to separate these spatial signals and

cancel the interferences. This spatial filtering, in array processing terms, is

named “beamforming”[32].
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The three general problems described above are corresponding to the general

radar problems. The detection and parameter estimation problems are related

to the target detection and localisation. Besides, the solution to the parameter

estimation problem can be utilised for the moving target tracking as well. More-

over, the techniques for the interference cancellation problem can be applied in

anti-jamming and clutter cancellation.

In modelling and solving these problems, the most important concept is the

array manifold vector (also known as array steering vector or array response

vector) which captures the spatial characteristics of signal sources. As described

in mathematical way, the array manifold vector is formed as a function of the

carrier frequency of signal, the geometry of antenna array and the DOA of the

signal with respect to the reference point of the antenna array.

Fig. 1.8 illustrates the propagation of the plane wave from a far-field source to-

wards an antenna array in a three-dimensional space. It is a typical scenario where

Figure 1.8: Planewave propagation model
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the array manifold vector can be modelled. Consider an array of N antennas,

located at a three-dimensional space with a common reference point. Generally,

the positions of these antennas in the array are denoted by a matrix r ∈ R3×N

i.e.

r , [r1, r2, . . . , rN ] =
[
rx, ry, rz

]T
(1.3)

in which ri, i = 1, . . . , N denotes the Cartesian coordinates of the antenna of the

array and rx, ry and rz represent the x-, y- and z-coordinate vectors of the array,

respectively.

Assuming that there are K sources located in the far field of the array. It is

worth noting that the assumption of far field implies the radius of propagation

is so large that the wavefront can be considered as a flat plane, i.e. plane wave.

Practically, the far field is defined in terms of the Fraunhofer distance as following

ρ� 2D2

λ
(1.4)

where λ is the wavelength of the signal and D is the size of the array aperture,

which is defined as

D , max
∀i,j

∥∥ri − rj∥∥ (1.5)

Then, the signals (plane waves) from these sources impinge on the array. As

shown in Fig. 1.8, the signal from the kth source received at ith antenna of the

array with respect to the reference point can be written as

mk(t− τ ki) exp (j2πFc(t− τ ki)) (1.6)

wheremk(t) represents the complex envelope of the signal from the kth source and

exp(j2πFct) denotes the carrier. The parameter τ ki denotes the propagation delay

of the kth signal between the reference point of the antenna array and the position

of the ith antenna. The propagation delay τ ki is a function of the direction of the

kth signal and the position of the ith antenna with respect to the reference point,

in which θk denotes the azimuth angle of the source measured anti-clockwise from

the x-axis, and φk denotes the elevation angle, measured anti-clockwise from the

x-y plane. Thus, the propagation delay can be expressed as

τ ki ,
rTi uk
c

(1.7)
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where c is the signal propagation velocity, i.e. the velocity of light and uk is the

unit-norm vector pointing towards the direction (θk, φk) which is defined as

uk , [cos θk cosφk, sin θk cosφk, sinφk]
T (1.8)

Here, assuming mk(t) is a narrowband signal, therefore the envelope does

not change significantly as it travels throughout the antenna array. Thus, the

expression in Eqn. (1.6) can be rewritten as

mk(t) exp

(
j2πFc(t−

rTi uk
c

)

)
(1.9)

After downconverting at the output of the kth antenna, the received baseband

signal, which includes the signals from the K sources and the contamination of

an additive baseband noise ni(t), can be modelled as

xi(t) =
K∑
k=1

exp

(
−j2πFc

rTi uk
c

)
mk(t) + ni(t) (1.10)

Therefore, the equivalent baseband received signal vector for all N antennas can

be written as

x(t) =
K∑
k=1

S(θk, φk)mk(t) + n(t) (1.11)

with

S(θk, φk),
[
exp

(
−j2πFc

rT1 uk
c

)
, exp

(
−j2πFc

rT2 uk
c

)
, . . . , exp

(
−j2πFc

rTNuk
c

)]T
=exp(−j

[
rx, ry, rz

]
k(θk, φk)) (1.12)

where k(θk, φk) is the wavenumber vector (point toward the target at the direction

(θk, φk)) defined as follows:

k(θk, φk) ,
2πFc
c

uk (1.13)

and the vector S(θk, φk) is known as the manifold vector associated with the k
th

source from the direction (θk, φk).
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1.3 MIMO Radar

Inspired by recent advances in MIMO communications, the concept of MIMO

radar systems has been first introduced in [33, 34], in which MIMO radar shows

its potential to obtain more degrees of freedom, enhance the resolution and im-

prove the estimation accuracy than the conventional radar. Then, significant

attention has been drawn in the field of MIMO radar. Before introducing the re-

cent work on it, the term, MIMO radar, has to be clarified first. According to the

most of the work, MIMO radar can be defined as a radar which simultaneously

transmit multiple linear independent (or orthogonal) waveforms via multiple an-

tennas at the transmitter and receive the echoes by multiple antennas at the

receiver. Compared with MIMO radar, the conventional radar can be defined as

SIMO radar in which a single waveform is transmitted via a single antenna or

multiple antennas with different phases (so called phased array radar) and the

reflected signals are received by multiple antennas.

1.3.1 Recent Work on MIMO Radar

Based on the antenna configurations, most of the recent work in MIMO radar

can be grouped into two different scenarios. In the first scenario, the transmit

antennas of MIMO radar are widely separated [35] to overcome target scintil-

lations. Targets are complex bodies composed of rich scatterers, of which the

model is named the distributed target or the extended target. Both experimental

and theoretical results demonstrate that small changes in the range or orienta-

tion of the target can result in a large increase or decrease (i.e. scintillations) in

the amount of energy reflected from the target [4, 36]. When a large decrease

occurs, the performance of radar systems degrade severely. The transmit anten-

nas in such MIMO radar systems are spaced widely enough such that each of

them views a different aspect (scatterer) of the target. Consequently, the RCSs

of the target are independent random variables for different transmitting paths.

The received signal is a superposition of independently reflected signals, and the

average SNR of the received signal is approximately constant. By exploiting the
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benefit of this spatial diversity, the MIMO radar can achieve improved stabil-

ity of statistical hypothesis tests for target detection [37, 38] and support high

resolution [39] and accuracy location estimate [40, 41, 42] for the distributed

target. Moreover, the target detection in such MIMO radar systems was devel-

oped in [43, 44] and discussed in different distributed target models [45, 46] and

different environment (noise) models [47, 48]. Furthermore, in order to further

improve the detection performance, several transmit waveform designs were pro-

posed [49, 50, 51, 52, 53, 54] to apply in such MIMO radar systems. This kind

of MIMO radar is known as the statistical MIMO radar or MIMO radar with

widely separated antennas. Here, in order to distinguish it from the latter type

of MIMO radar, it is named as MIMO radar with large aperture arrays.

In the second scenario, the antennas in both the transmitter and receiver are

spaced suffi ciently close so that each antenna views the same aspect of the target

(i.e. the point target is assumed). Thus, the RCS of the target observed by

any transmit/receive propagation paths are identical, which can be considered as

a deterministic unknown parameter. This kind of MIMO radar is known as the

coherent MIMO radar or MIMO radar with colocated antennas [55]. To avoid the

ambiguous definition of "colocated", here, such kind of MIMO radar is named

as MIMO radar with small aperture arrays. Much interesting work has been

done for MIMO radar with small aperture arrays. By transmitting independent

(especially orthogonal) waveforms, the geometries of transmit and receive arrays

can be exploited to form a much larger virtual array which enables MIMO radar

to improve the performance of target detection and localisation [56, 57, 58, 59],

enhance the parameter identifiability (i.e. more targets can be identified) [60, 61]

and strengthen the sensitivity to detect slow moving targets [62].

Besides, flexible transmit beampattern design for MIMO radar with small

aperture arrays has been investigated mainly from two different ways. One way

mainly aims to design the covariance matrix of the transmit waveforms to ap-

proach a desired transmit beampattern [63, 64, 65, 66]. The other way forms

multiple subarrays by disjointly or overlappingly dividing the transmit anten-

nas [67, 68, 69, 70], and each subarray forms a directional beam and carries a dis-
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tinct waveform. Thus, in either way, MIMO radar improves the resolution and the

estimation accuracy of targets’locations in the sector illuminated by the desired

beam. Other transmit waveform designs for the different environment (noise)

models or purposes in MIMO radar are presented in [71, 72, 73, 74, 75, 76, 77].

Moreover, in the environment of multipath clutter, the Space-Time Adaptive

Processing (STAP) methods in MIMO radar are proposed in [78, 79, 80] to explore

the clutter subspace and estimate its rank to achieve better clutter resolution;

other STAP methods for multipath clutter mitigation are proposed in [81, 82, 83];

the STAP for MIMO radar based on waveform diversity is analysed in [84, 85].

Furthermore, in the spatial signal model of MIMO radar with small aperture

arrays, DOA and complex path gain of target are two crucial parameters for

the multiple targets’ location estimation (i.e. multi-target localisation). DOA

determines the direction of the target with respect to the radar, and complex path

gain is related to the RCS of target as well as the path loss, the antenna gain and

the effect of the Doppler shift for the moving target. By transmitting independent

waveforms, MIMO radar provides an equivalent gain for the whole space, and the

echoes from the multiple targets are independent to each other. Therefore, DOAs

and path gains of multiple targets can be estimated in a single pulse period. Many

DOA and path gain estimation algorithms for passive radars can be applied in

MIMO radar for the single pulse case such as the Least-Squares (LS), Capon and

Amplitude-and-Phase-EStimation (APES) methods etc. [86, 87, 88, 61]. Besides,

ESPRIT method and other subspace methods for DOA estimation [89, 90, 91, 92]

have been introduced into MIMO radar for the multi-pulse case based on the

virtual array structure. Furthermore, multi-target localisation in bistatic MIMO

radar has also been considered in [93, 94, 95, 96].

The work in this thesis aims to improve the multi-target localisation for MIMO

radar with small aperture. Next, a brief description of existing multi-target lo-

calisation methods is presented.
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1.3.2 Existing Multi-Target Parameter Estimation (Lo-

calisation) Methods

In [88], LS, Capon and APES are applied in MIMO radar systems to jointly

estimate DOAs and complex path gains while Generalized Likelihood Ratio Test

(GLRT) is applied for the DOA estimation of multiple targets, especially in hostile

environments. According to the comparison in [88], Capon, APES and GLRT

outperform the LS estimator. Capon provides accurate DOA estimates, APES

gives accurate complex path gain estimates, while GLRT has good anti-jamming

capabilities. Here, a brief description of the essential multi-target localisation

methods such as LS, Capon and APES is presented.

First of all, the signal model used in these methods are formulated as following:

considering a narrowband MIMO radar system deployed with a Tx array of NTx

antennas and a Rx array of NRx antennas. Both the Tx and Rx arrays are

assumed to be near each other in space (i.e. monostatic radar) and have a common

reference point. Therefore, each target is at the same location in the far field with

respect to both the Tx and Rx arrays. For the simplicity, assume the Tx array,

Rx array and targets are all located in the same two-dimensional space. A set of

independent waveforms m(t) which is given as follows

m(t) ,
[
m1(t),m2(t),. . . ,mNTx

(t)
]T

(1.14)

are emitted from the Tx array, impinging on the desired target at the direction θ

(i.e. DOA) in a particular range bin, reflected back and received by the Rx array

with the complex path gain β. Thus, the equivalent baseband received signal can

be formulated as follows

x(t) = βSRx(θ)S
H
Tx(θ)m(t) + z(t) (1.15)

with

x(t),
[
x1(t), x2(t), . . . , xNRx(t)

]T
(1.16)

where SRx(θ) ∈ CNRx×1 and STx(θ) ∈ CNTx×1 denote the Rx and Tx manifold
vectors of the target at the direction θ, respectively, which can be formulated as
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a function of the array geometry and target’s DOA as follows

SRx(θ) , exp(−j
[
rx, ry, rz

]
Rx

k(θ)) (1.17)

STx(θ) , exp(j
[
rx, ry, rz

]
Tx

k(θ)) (1.18)

Similar as the definition of the matrix r in Eqn. (1.3), the matrices
[
rx, ry, rz

]
Rx

and
[
rx, ry, rz

]
Tx
in Eqns. (1.17) and (1.18) denote the Cartesian coordinates of

the Rx and Tx antenna-array elements, respectively. Besides, the parameter k(θ)

is the wavenumber vector pointing towards the target at the direction θ, which

is defined as

k(θ) , 2πFc
c

[cos θ, sin θ, 0]T (1.19)

Furthermore, in Eqn. (1.15), z(t) denotes the residual term, which includes noise

and echoes from other targets.

Based on this signal model, three basic and typical multi-target parameter

estimation methods will be presented next:

• LS

• Capon (Weighted LS)

• APES

A. Least Squares

The optimisation problem for the LS method based on the signal model in

Eqn. (1.15) can be formulated as follows

min
β
E
{∥∥x(t)− βSRx(θ)SHTx(θ)m(t)

∥∥2} (1.20)

which aims to minimise the residual term z(t) and the solution can be easily

obtained as follows:

β(θ) =
SRx(θ)

HRxmSTx(θ)
N2
RxS

H
Tx(θ)RmmSTx(θ)

(1.21)

with

Rmm , E{m(t)m(t)H} (1.22)

Rxm , E{x(t)m(t)H} (1.23)
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where Eqn. (1.21) is used for the LS method to implement the spatial spectrum

search in which peaks present the targets.

B. Capon (Weighted LS)

An extension of the LS method is the weighted LS estimation which is pro-

posed in [88]. Similar to Eqn. (1.20), the optimisation problem for Capon can be

written as follows

min
β
E
{∥∥wH(x(t)− βSRx(θ)SHTx(θ)m(t))

∥∥2} (1.24)

where w ∈ CNRx×1 is the Rx beamforming vector, which uses the solution of
Capon beamformer formulated as follows:

min
w
wHRxxw (1.25a)

subject to wHSRx(θ) = 1 (1.25b)

By solving Eqn. (1.25), we can readily obtain the solution as follows:

wCapon =
R−1xxSRx(θ)

SHRx(θ)R−1xxSRx(θ)
(1.26)

in which

Rxx , E{x(t)x(t)H} (1.27)

Finally, solving the minimization problem in Eqn. (1.24), we can get the expres-

sion for the spectrum search of the Capon method as below

β(θ) =
SHRx(θ)R−1xxRxmSTx(θ)

SRx(θ)
HR−1xxSRx(θ)SHTx(θ)RmmSTx(θ)

(1.28)
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C. Amplitude and Phase Estimation

The APES method was first proposed as an adaptive Finite Impulse Response

(FIR) filtering approach in [97] and improved in [98]. More recently, the APES

method has been applied in MIMO radar [88] for multi-target localisation, which

can be formulated as:

min
w,β
E
{∥∥wHx(t)− βSHTx(θ)m(t)

∥∥2} (1.29a)

subject to wHSRx(θ) = 1 (1.29b)

which suppresses noise and interferences while keeps the echo from the intended

target undistorted. The solution to the constrained optimization problem in

Eqn. (1.29) (see [88]) is based on the solution of Capon method. Let J(w, β)

denotes

J(w, β) , E
{∥∥wHx(t)− βSHTx(θ)m(t)

∥∥2} (1.30)

Set the derivative of J(w, β) with respect to β equal to zero, the solution of the

complex path gain β can be obtained as

β(θ) =
wHRxmSTx(θ)

SHTx(θ)RmmSTx(θ)
(1.31)

Insertion of Eqn. (1.31) in Eqn. (1.30) yields the following minimization problem

for the determination of w:

min
w
wHQw (1.32a)

subject to wHSRx(θ) = 1 (1.32b)

in which

Q = Rxx −
RxmSTx(θ)SHTx(θ)RHxm
SHTx(θ)RmmSTx(θ)

(1.33)

We can find Eqn. (1.32) is in the same type of the optimisation for the Capon

beamformer given in Eqn. (1.25). We can easily obtain the solution of Eqn. (1.32),

then take it back into Eqn. (1.31). Finally, the solution to the optimisation for

the APES method is given as follows

β(θ) =
SHRx(θ)Q−1RxmSTx(θ)

SRx(θ)
HQ−1SRx(θ)SHTx(θ)RmmSTx(θ)

(1.34)
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with

Q = Rxx −
RxmSTx(θ)SHTx(θ)RHxm
SHTx(θ)RmmSTx(θ)

(1.35)

which can be utilised for the spatial spectrum search.

Besides, to obtain the benefits of both Capon and APES, in [86], the CAPES

method estimates the DOAs of targets by Capon’s method, then provides es-

timates of the path gains of these DOAs via the APES method. In [87], an

alternative approach, named CAML, which utilises Capon for the DOA estima-

tion and an Approximate-Maximum-Likelihood (AML) method [99] for the path

gain estimation instead of the APES method, shows its ability to provide higher

amplitude estimation accuracy of the complex path gain than the others.

However, there are some problems existing in these methods. First, the Capon

and APES methods are unable to approximate the improved parameter identifi-

ability by MIMO radar since they are applied at the Rx of the receiver directly

(i.e. based on the covariance matrix of the received signal vector) and limited

by the number of the Rx antennas. Though the LS method is not restricted to

this constrain, it suffers from high sidelobes and low resolution [87] since it is

a data independent beamforming-type method. Second, the performance of all

these methods decreases significantly when targets are close together in space

since the small angular separations among multiple targets lead to high mutual

target interference. Finally, the existing methods have not considered improving

the multi-target localisation by the cooperations with the transmit beamform-

ing. Consequently, the work from Chapters 2-5 are based on solving these three

problems.

1.4 Organisation of the Thesis

This thesis is organised in six chapters. The three issues claimed in this introduc-

tion for the multi-target localisation are addressed in Chapter 2-5, respectively.

Then, comes the conclusions with suggestions for the prospective directions.

In Chapter 2, a general spatiotemporal received signal model for MIMO radar

is formulated first. Then, when the relative delays of targets are negligible, the
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general model is converted into a spatial only signal model. In such a model,

by exploiting the virtual array structure, MIMO radar has the ability to identify

much more targets than the conventional radar as shown in the derivation of the

parameter identifiability. Then, a combined approach based on the virtual array

structure, which has the ability to estimate multiple targets of which the number

can theoretically approximate the upper bound of the parameter identifiability

of MIMO radar, is proposed. Moreover, inspired by the wireless communica-

tion based on the Spatio-Temporal ARray (STAR) manifold structure, a novel

spatiotemporal signal model for MIMO radar is proposed.

Chapter 3 focuses on multi-target localisation problem with high mutual in-

terferences among the echoes from the targets which are close together. An

optimisation problem which involves the suppression of these interferences for

multi-target parameter estimation is proposed and it’s solutions are derived.

Then, in Chapter 4, based on the interference suppressed optimisation pro-

posed in Chapter 3, the multi-dimensional optimal and one-dimensional itera-

tive parameter estimation methods are proposed for the multi-target localisa-

tion in MIMO radar. Moreover, the BBO algorithm is employed for the multi-

dimensional optimal methods to reduce the computational complexity.

In Chapter 5, a joint transmitter and receiver multi-target localisation ap-

proach for MIMO radar systems is proposed for the purpose to improve the

multi-target localisation by the benefit from the Tx beamforming. In such an

approach, the multi-target localisation is operating via the cooperation with the

transmit beamforming in an iterative way. Moreover, two DOA and Delay es-

timation methods, two-step method and the joint DOA and Delay estimation

methods are applied in the proposed joint Tx and Rx multi-target localisation.

Finally comes the conclusions and prospective research objects.



Chapter 2

Space-Time Received Signal

Modelling

This chapter is mainly concerned with signal modelling of MIMO radar. First

of all, a general spatiotemporal received signal model for MIMO radar is for-

mulated. When the relative delays of targets are negligible, the general model

is converted into a spatial only signal model. In such a model, by exploiting

the virtual array structure, MIMO radar has the ability to identify much more

targets than the conventional radar as shown in the derivation of the parameter

identifiability. However, in a single pulse case, the existing methods such as the

LS, Capon, APES and subspace methods are applied directly at the receiver of

MIMO radar without using the virtual array structure. Thus, they are unable

to enjoy the benefit brought by the waveform diversity in MIMO radar. Hence,

a combined approach based on the virtual array structure is proposed for the

DOA and complex path gain estimation. Then, inspired by the wireless com-

munication based on the Spatio-Temporal ARray (STAR) manifold structure, a

novel spatiotemporal signal model for MIMO radar is proposed. The LS Capon,

APES etc. employed in the spatial signal model are available for the multi-target

localisation in this spatiotemporal signal model.

23
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2.1 Introduction

As presented in Chapter 1, the existing multi-target localisation methods such

as LS, Capon and APES are based on a spatial only signal model of MIMO

radar in which only the multiple targets located in the same range bin of interest

are considered. It implies the signals reflected by all the targets arrive at the

receiver at approximately the same time, i.e. they have the same common delay

with no relative delays corresponding to the different targets. In fact, multiple

targets may appear in different range bins. In this case, the relative delays for

the received signals at the Rx due to the different targets located in the different

range bins have to be considered. Therefore, a general signal model has to take

account of not only the DOA and complex path gain, but also the relative delay

of the target.

Thus, a general spatiotemporal received signal model of MIMO radar is formu-

lated first in this chapter. Then, this general model is able to turn back into the

widely employed spatial only signal model when the relative delays are negligible.

In the spatial only signal model, the parameter identifiability, as one of the most

basic issues in the multi-target localisation is presented. The parameter identifia-

bility can be interpreted as the maximum number of targets which can be uniquely

identified by the radar. MIMO radar, unlike the conventional radar systems, can

transmit multiple linearly independent signals via different transmit antennas.

This waveform diversity enables the MIMO radar system to significantly enhance

the parameter identifiability for radar systems up to (NRxNTx − 1) /2 [61], where

NRx and NTx are the numbers of antennas at the receiver and transmitter, respec-

tively. However, as the most important part of multi-target localisation in MIMO

radar, the existing target’s DOA and complex path gain estimation methods such

as the LS, Capon, APES [86, 88, 87] and subspace methods [100] are unable to en-

joy this improved parameter identifiability in MIMO radar. Since Capon, APES

and subspace methods in MIMO radar are applied directly at the receiver (i.e.

using the covariance matrix of the received signals directly), they treat MIMO

radar systems the same as NRx-antenna array passive radar systems in which the

maximum number of targets identified is restricted to NRx − 1 [101]. Though the
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LS method is not restricted to this constrain (it is not based on the covariance

matrix of the received signals), it suffers from high sidelobes and low resolution

since it is a data independent beamforming-type method [87]. In order to achieve

better performance of multi-target localisation by exploiting the waveform diver-

sity in MIMO radar, a combined approach based on the virtual array structure is

proposed in this chapter. The proposed approach has the ability to achieve the

upper bound of the parameter identifiability of MIMO radar theoretically since

it exploits the virtual array structure. The use of virtual array structure is not

new [58]. However, in the single pulse case where the LS, Capon, APES and sub-

space methods are applied, the use of the virtual array structure faces the lack of

snapshots in the virtual received signal. Most of recent work based on the virtual

array structure assumes multiple pulses (e.g. [58, 89, 90, 91, 102, 67]) to avoid the

lack of virtual snapshots, which implies that much more time is required for the

target localisation. It is only suitable for the case in which the processing time is

not highly restricted. Here, the proposed approach is able to solve this problem

in the single pulse case by employing the spatial smoothing technique. Then,

the proposed approach employs MUSIC algorithm for the multi-target DOA es-

timation based on the spatial smoothed virtual signals. Finally, the proposed

approach provides the estimation of complex path gains of targets based the esti-

mated DOAs of targets. The simulation studies show that the proposed approach

has the ability to identify more targets with more accurate estimates of multiple

targets than the existing methods.

Furthermore, inspired by the STARmanifold structure used in MIMO commu-

nications [103], by designing the transmit signals and preprocessing the received

signals, the general received signal model can be turned into a novel spatiotem-

poral model for MIMO radar. This model includes the parameters: the DOA,

complex path gain as well as the relative delay of the target. In the meanwhile, it

has the similar form as the spatial only signal model. It implies that the existing

methods which are employed in the spatial only signal model are able to estimate

not only DOA and path gain, but also the relative delay for the spatiotemporal

received signal model.
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2.2 General Spatiotemporal Signal Modelling

The received signal model described in the section of fundamentals of array signal

processing only includes the signal propagation from targets to the Rx array of a

radar system. It can be utilised for passive radar systems. However, since MIMO

radar is an active radar, the modelling of MIMO Radar has to include both the

modelling of the signal emitted from the Tx array to targets and reflected back

from targets to the Rx array. Consider a narrowband MIMO radar system with

an array of NTx antennas at the Tx and an array of NRx antennas at the Rx.

Assume that both the Tx and Rx arrays have a common reference point and are

near each other in space (i.e. monostatic radar) such that each target can be

considered to be at the same location in the far field with respect to both the Tx

and Rx arrays. A set of NTx independent waveforms m(t) ∈ CNTx×1, which are
defined as

m(t) ,
[
m1(t),m2(t),. . . ,mNTx

(t)
]T

are emitted through the array elements of the Tx array.

Assume that there are K targets which are located at distinct directions

(θk, φk), k = 1, 2, . . . , K with respect to the radar’s common reference point

and different relative delays τ k, k = 1, 2, . . . , K with respect to the reference

clock at the Rx. The transmitted signals are impinging on these multiple targets,

reflected back and received by the Rx array. The propagation of the signal vector

transmitting from the Tx array to each of the targets and reflecting to the Rx

array is illustrated in Fig. 2.1.

The equivalent baseband received signal (see Point (B) in Fig. 2.1) can be

written as

x(t) =
K∑
k=1

βkSRx(θk, φk)S
H
Tx(θk, φk)m(t− τ k) + n(t) (2.1)

with

x(t) ,
[
x1(t), x2(t), . . . , xNRx(t)

]T
(2.2)

where SRx(θk, φk) ∈ CNRx×1 and STx(θk, φk) ∈ CNTx×1 denote the manifold vec-
tors of the Rx and Tx arrays, respectively, for the kth target. According to the
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Figure 2.1: The equivalent baseband propagation of the general MIMO radar
operating in the presence of K targets and white Gaussian noise

definition in Eqns. (1.17) and (1.18) in the previous chapter, the manifold vec-

tors SRx(θk, φk) and STx(θk, φk) can be defined as

SRx(θk, φk) , exp
(
−j
[
rx, ry, rz

]
Rx
k(θk, φk)

)
(2.3)

STx(θk, φk) , exp
(
j
[
rx, ry, rz

]
Tx
k(θk, φk)

)
(2.4)

where (θk, φk) is the DOD or DOA of the k
th target and k(θk, φk) is the wavenum-

ber vector (pointing towards the kth target) which is defined in Eqn. (1.13). More-

over, in Eqns. (2.3) and (2.4), the matrices
[
rx, ry, rz

]
Rx
and

[
rx, ry, rz

]
Tx
denote

the Cartesian coordinates of the Rx and Tx antenna-array elements, respectively.

Furthermore, in Eqn. (2.1), the parameter, βk, denotes the complex path gain as-

sociated with the kth target and n(t) represents the circularly symmetric complex

Gaussian noise with n(t) ∼ N (0, σ2nINRx).
It is worth noting that (θk, φk, βk, τ k), k = 1, 2, . . . , K are the unknown pa-

rameters to be estimated in such a MIMO radar system for the multi-target

localisation. The parameters (θk, φk) gives the direction of the k
th targets, while

the parameter βk is related to the range and the characters of the k
th targets as

well as the Doppler shifts for the moving targets. Moreover, the parameter τ k
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Figure 2.2: The equivalent baseband propagation of the MIMO radar operating
in the presence of K targets in the same range bin and white Gaussian noise

represents the relative delay of the kth target corresponding to the reference clock.

2.3 Spatial Signal Modelling

When the multiple targets are located in the same range bin, i.e. the targets have

the common delay τ and the relative delays τ k, k = 1, 2, . . . , K of the targets are

negligible, the general received signal model given in Eqn. (2.1) can be simplified

as a space-only signal model. Without loss of generality, assume the Tx array,

Rx array and targets are all located in the same two-dimensional space, i.e. only

consider the azimuths θk, k = 1, 2, . . . , K for the DOAs of the multiple targets.

Thus, the equivalent baseband received signal vector for the space-only model of

MIMO radar (see Point (B) in Fig. 2.2) can be written as

x(t) =
K∑
k=1

βkSRx(θk)S
H
Tx(θk)m(t) + n(t) (2.5)
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where, similarly to the definition of the manifold vectors in the general received

signal model, STx(θk) ∈ CNTx×1 and SRx(θk) ∈ CNRx×1 denote the manifold vectors
of the Tx and Rx arrays respectively for the kth target with the DOA, θk, i.e.

SRx(θk) , exp
(
−j
[
rx, ry, rz

]
Rx
k(θk)

)
(2.6)

STx(θk) , exp
(
j
[
rx, ry, rz

]
Tx
k(θk)

)
(2.7)

where k(θk) is the wavenumber vector (pointing towards the kth target at the

direction θk) as defined in Eqn. (1.19) in the previous chapter.

It is worth noting that, in the spatial received signal model, θ and β are the

only two unknown parameter vectors to be estimated in such a MIMO radar

system for the multi-target localisation. Moreover, when all the targets except

the desired one are considered as the interferences, the signal model given in

Eqn. (2.5) turns into the signal model in Eqn. (1.15) which is used for the LS,

Capon and APES methods as shown in Sec. 1.3.2.

2.3.1 Parameter Identifiability

Before discussing the estimation of the parameters {βk}Kk=1 and {θk}Kk=1 for
the multi-target localisation, the enhanced parameter identifiability [61] by the

MIMO radar is derived first. The parameter identifiability for a radar system

can be interpreted as the problem of the maximum number of targets identified,

which is the capability of such a radar system, no matter which algorithm is ap-

plied for the estimation. Based on the signal model presented above, the issue of

the parameter identifiability can be described as follows:

We want to establish the uniqueness of the solution to the parameter es-

timation problem while either the SNR that goes to infinity or the snapshot

number goes to infinity. It implies that under the assumption that the noise-and-

interference term n(t) is uncorrelated with m(t), the identifiability problem is not

affected by the noise-and-interference, i.e. the second term of Eqn. (2.5).

Therefore, the identifiability problem can be formulated as:

x(t) =
K∑
k=1

β̆kSRx(θ̆k)S
H
Tx(θ̆k)m(t) =

K∑
k=1

βkSRx(θk)S
H
Tx(θk)m(t) (2.8)
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which holds true if and only if

θ̆k = θk

β̆k = βk
, ∀k = 1, . . . , K (2.9)

Under the assumption that the NTx transmitted signals are linearly independent

of each other, Eqn. (2.8) is equivalent to

K∑
k=1

β̆kSRx(θ̆k)S
H
Tx(θ̆k) =

K∑
k=1

βkSRx(θk)S
H
Tx(θk) (2.10)

or written in a compact form as follows:

Švβ̆ = Svβ (2.11)

where

β ,
[
β1, β2, . . . , βK

]T
(2.12)

β̆ ,
[
β̆1, β̆2, . . . , β̆K

]T
(2.13)

Sv , [S∗Tx(θ1)⊗ SRx(θ1), . . . , S∗Tx(θK)⊗ SRx(θK)] (2.14)

Šv ,
[
S∗Tx(θ̆1)⊗ SRx(θ̆1), . . . , S∗Tx(θ̆K)⊗ SRx(θ̆K)

]
(2.15)

with the symbol ⊗ denoting the Kronecker product operator. Thus, the identifi-
ability problem can be reinterpreted as:

Švβ̆ = Svβ (2.16)

which holds true if and only if

θ̆k = θk

β̆k = βk
, ∀k = 1, . . . , K (2.17)

Next, let us discuss some characteristics of the generic column of Sv, i.e. Sv(θ),
which is given as follows:

Sv(θ) = S∗Tx(θ)⊗ SRx(θ) (2.18)

of which the elements have the form as:

Sv,(i−1)×NRx+j(θ) = e−j[(r
T
Tx,p+r

T
Rx,q)k(θk)] (2.19)
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where p = 1, . . . , NTx and q = 1, . . . , NRx. If let Nuniq denote the number of

distinct elements in Sv(θ), then we get

Nuniq ∈ [NTx +NRx − 1, NTxNRx] (2.20)

Let us discuss some specific cases. First, consider the case in which the Tx and

the Rx arrays are completely overlapped, which implies that NTx = NRx = N .

Then we have

S∗Tx(θ) = SRx(θ) (2.21)

and therefore,

Sv(θ) = SRx(θ)⊗ SRx(θ) (2.22)

For a uniform linear array (ULA), the manifold vector SRx(θ) has the form as

SRx(θ) =
[

1, e−j
2πFc
c

cos(θ)d, . . . , e−j
2πFc
c

cos(θ)(N−1)d
]

(2.23)

where d denotes the interelement distance in the antenna array. Hence, the vector

Sv(θ) has only 2N − 1 distinct elements. Moreover, for a nonuniform but linear

array, the vector Sv(θ) have maximum (N2 +N)/2 distinct elements.

Then, consider the more general case of NTx 6= NRx. When the Tx (Rx) array

is the uniform linear array (ULA) which is a continuous subarray of the Rx (Tx)

ULA array, the vector Sv(θ) has only NTx + NRx − 1 distinct elements, which

appears to be the smallest possible number. When the transmit and receive arrays

share few or no antennas, all elements (NTxNRx) of Sv(θ) may well be distinct.

For an example, let

SRx(θ) =
[

1, e−j
2πFc
c

cos(θ)d, . . . , e−j
2πFc
c

cos(θ)(NRx−1)d
]

(2.24)

and

STx(θ) =
[

1, ej
2πFc
c

cos(θ)NRxd, . . . , ej
2πFc
c

cos(θ)NRx(NTx−1)d
]

(2.25)

then

Sv(θ) =
[

1, e−j
2πFc
c

cos(θ)d, . . . , e−j
2πFc
c

cos(θ)(NTxNRx−1)d
]

(2.26)
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which can be considered as the manifold of a virtual ULA with NTxNRx antennas.

Now, let b(θ) denote the vector obtained from the vector Sv(θ) by deleting

those identical elements in Sv(θ). Therefore, the identifiability problem expressed

in Eqn. (2.16) can be redescribed as

B̆β̆ = Bβ (2.27)

where

B = [b(θ1), b(θ2), . . . , b(θK)] (2.28)

B̆ =
[
b(θ̆1), b(θ̆2), . . . , b(θ̆K)

]
(2.29)

which holds true if and only if

θ̆k = θk, (2.30)

β̆k = βk, (2.31)

for every k = 1, . . . , K.

Solving the problem, similar to [101], we get the parameter identifiability

condition:

Kmax ∈
[

NTx+NRx−2
2

, NTxNRx+1
2

)
(2.32)

depending on the arrays geometry and the relative position between the antennas

in the Tx array and the antennas in the Rx array (See the derivation in Appendix).

For a conventional radar (which usesNRx receiving antennas and for which we can

basically assume that NTx = 1), the parameter identifiability condition similar to

Eqn. (2.32) is

Kmax = dNRx − 1

2
e (2.33)

Hence, from the comparison, the maximum number of targets uniquely iden-

tified by a MIMO radar system can be up to NTx times that of the conventional

radar. Even in the worst scenario, the maximum number of targets that can be

identified by the MIMO radar system is about twice that of its counterpart.
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2.3.2 The Virtual Passive Radar Model

In Section 2.3.1, the derivation shows that the parameter identifiability is signif-

icantly improved in MIMO radar. The virtual array structure has been used in

the derivation, though it is not pointed out. In this section, the virtual array

structure will be presented first. Then, in order to exploit the virtual array struc-

ture for the multi-target localisation, the equivalent virtual passive radar model

for MIMO radar is derived.

2.3.2.1 The Virtual Array Structure

As shown in the derivation of the parameter identifiability in Sec. 2.3.1, the

generic column Sv(θ) in Eqn. (2.18) is named as the virtual manifold vector.

Based on the signal model presented in Eqn. (2.5), the virtual manifold vec-

tor Sv(θ) can be obtained by vectorising the product of the transmit and receive

manifold vectors, i.e. the channel matrix as follows

Sv(θ) = vec
{
SRx(θ)S

H
Tx(θ)

}
= S∗Tx(θ)⊗ SRx(θ)

= exp

{
−j 2π

λc
rTv u(θ)

}
(2.34)

where rv denotes the virtual array with the expression as

rv = 1TNTx ⊗
[
rx, ry, rz

]
Rx

+
[
rx, ry, rz

]
Tx
⊗ 1TNRx (2.35)

Eqn. (2.35) gives the relationship between the geometry of the virtual array (rv)

and the geometries of the real Rx (
[
rx, ry, rz

]
Rx
) and Tx (

[
rx, ry, rz

]
Tx
) arrays.

For a better understanding of the virtual array structure, several examples of rel-

ative locations among the Tx array, the Rx array and the virtual array are shown

in Figs. 2.3-2.5. Fig. 2.3 shows the virtual array of the MIMO radar system in

which both Tx and Rx arrays are two ULAs on the same line, i.e.
[
rx, ry, rz

]
Rx

=

[−2 0 0;−1 0 0; 0 0 0; 1 0 0; 2 0 0]T and
[
rx, ry, rz

]
Tx

=[0 0 0; 5 0 0; 10 0 0]T .

Then, Fig. 2.4 shows the virtual array of the MIMO radar system in which Tx
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Figure 2.3: The virtual array structure based on Rx array with the coordinates[
rx, ry, rz

]
Rx

=[−2, 0, 0;−1, 0, 0; 0, 0, 0; 1, 0, 0; 2, 0, 0]T and Tx aray with the coor-
dinates

[
rx, ry, rz

]
Tx

=[0, 0, 0; 5, 0, 0; 10, 0, 0]T

array and Rx array are two ULAs with 30o between them, i.e.
[
rx, ry, rz

]
Rx

=

[−2,−1.1547, 0;−1,−0.5774, 0; 0, 0, 0; 1, 0.5774, 0; 2, 1.1547, 0; 3, 1.7321, 0]T and[
rx, ry, rz

]
Tx

= [−2, 0, 0;−1, 0, 0; 0, 0, 0; 1, 0, 0; 2, 0, 0]T . Moreover, Fig. 2.5 shows

the virtual array which is formed by a ULA transmitter and a UCA receiver with

the coordinates
[
rx, ry, rz

]
Rx

=[0.8507 0 0; 0.2629 0.8091 0;−0.6882 0.5 0;−0.6882

−0.5 0; 0.2629 − 0.8091 0]T and
[
rx, ry, rz

]
Tx

= [−2 0 0; 0 0 0; 2 0 0]T , respec-

tively. As shown in these figures, the virtual array is a filled array with an aperture

length up to NTx times that of the Rx array. This advantage enables the MIMO

radar systems to achieve higher parameter identifiability over the conventional

radar systems.
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Figure 2.4: The virtual array structure based on Rx array with the coordinates[
rx, ry, rz

]
Rx

= [−2,−1.1547, 0; −1,−0.5774, 0; 0, 0, 0; 1, 0.5774, 0; 2, 1.1547, 0;

3, 1.7321, 0]T and Tx array with the coordinates [rx, ry, rz
]
Tx

= [−2, 0, 0;−1, 0, 0;

0, 0, 0; 1, 0, 0; 2, 0, 0]T

Figure 2.5: The virtual array structure based on Rx array with the coor-
dinates

[
rx, ry, rz

]
Rx

= [0.8507 0 0; 0.2629 0.8091 0;−0.6882 0.5 0;−0.6882

−0.5 0; 0.2629 − 0.8091 0]T and Tx array with the coordinates
[
rx, ry, rz

]
Tx

=

[−2 0 0; 0 0 0; 2 0 0]T
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2.3.2.2 The Virtual Received Signal

In order to utilise the virtual array structure for the estimation of the targets’

DOAs and complex path gains, the received signal at the Rx (Point (B) in Fig.

2.2) has to be converted to a virtual signal model which contains the virtual

manifold vector corresponding to the virtual array structure. First, assuming the

transmit waveforms are orthogonal, i.e.

Rmm = E
{
m(t)mH(t)

}
= INTx×NTx (2.36)

Then, the cross-correlation matrix between the received and transmitted signals,

Rxm, can be obtained by passing the received signals through a bank of matched
filters (Point (C) in Fig. 2.2). Under the assumptions of orthogonal transmitted

signals and white Gaussian noise, Rxm can be written as

Rxm , E
{
x(t)m(t)H

}
=

K∑
k=1

βkSRx(θk)S
H
Tx(θk) (2.37)

Then, a virtual received signal vector, denoted as xv, can be given by vectorising

Rxm,

xv , vec{Rxm}

=

K∑
k=1

βkvec{SRx(θk)SHTx(θk)} (2.38)

According to the derivation in Eqn. (2.34), the virtual received signal vector

(Point (D) in Fig. 2.2) can be written as

xv =
K∑
k=1

Sv(θk)βk = Sv(θ)β (2.39)

where

Sv(θ) =
[
Sv(θ1),Sv(θ2),. . . ,Sv(θK)

]
(2.40)

β =
[
β1,β2,. . . ,βK

]T
(2.41)
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Eqn. (2.39) presents the virtual signal model in which the reflection coeffi cients

βk, ∀k = 1, 2, . . . , K can be described as the virtual signals emitted by the

targets in a virtual passive radar system. It implies that the estimation of DOAs

in a MIMO radar system with NRx Tx-antennas and NTx Rx-antennas can be

equivalently considered as the DOA estimation in a passive radar system with

NRxNTx Rx-antennas while the targets emit virtual pulses (complex path gains)

themselves.

2.3.3 Proposed Multi-Target Parameter Estimation Ap-

proach Using Virtual Array

In the single pulse case, the existing methods for the estimation of multiple tar-

gets’DOAs and complex path gains such as the LS, Capon, APES and subspace

methods are not based on this virtual array structure in MIMO radar. In the

multi-target localisation of MIMO radar, a combined approach based on the vir-

tual array structure is proposed for the estimation of the targets’DOAs and

complex path gains. The proposed approach consists of three techniques:

• Spatial Smoothing

• Target’s DOA Estimation

• Target’s Path Gain Estimation.

A. Spatial Smoothing

Note that, Eqn. (2.39) shows that, in a single pulse period, the virtual signals,

βk, ∀k = 1, 2, . . . , K, have no statistical characteristic. In other words, the

received signal vector has only one snapshot which forces the dimension of the

signal subspace to shrink to one. In order to solve this problem, the spatial

smoothing technique is utilised on the virtual received signal vector xv. Though

spatial smoothing is a preprocessing scheme which is applied to circumvent the

problems encountered in DOA estimation of fully correlated signals [104, 105,

106, 107, 108], it is also employed when the DOAs of multiple sources are to be
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estimated from a single snapshot or observation. For the simplicity, the classical

spatial smoothing algorithm in [104] is deployed here. Since the spatial smoothing

technique requires ULAs or arrays with special geometries, the proposed approach

is based on the uniform linear virtual array structure (as seen in Fig. 2.6). The

Figure 2.6: The spatial smoothing based on the virtual array of MIMO radar

spatially smoothed covariance matrix is defined as

Rv,smoothed =
1

M

M∑
i=1

xsubv,ix
H
subv,i (2.42)

where xsubv,i is the virtual received signal xv (as defined in Eqn. (2.38)) from the

ith virtual subarray with P antennas (see Fig. 2.6), i.e.

xsubv,i , xv,i:i+P−1 = [xi(t), xi+1(t), . . . , xi+P−1(t)]
T (2.43)

Moreover, M = NRxNTx − P + 1 is the number of subarrays which has to be

larger than the dimensional of the subarray P , i.e. M > P . Thus, the dimension

of the signal subspace is recovered. It is straightforward to derive an inequality

from the relationship between M and P as follows:

P 6 NRxNTx + 1

2
(2.44)
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Moreover, recalling the constraint for the parameter identifiability of the array

radar, the maximum number of targets can be estimated is

Kmax = P − 1 6 NRxNTx − 1

2
(2.45)

Comparing Eqn. (2.45) with Eqn. (2.33), it implies the proposed approach is

able to achieve the upper bound of the MIMO radar’s parameter identifiability

condition derived in the previous section. Thus, it significantly outperforms the

existing methods especially when NRxNTx is large.

B. Target’s DOA Estimation

Based on the spatially smoothed covariance matrix, the classical MUSIC [29],

which can provide high resolution DOA estimation, is applied for the estimation

of the targets’DOAs here. The spatial spectrum of MUSIC method can be given

as

ξMUSIC(θ) = SHRx(θ)EsEHs SRx(θ) (2.46)

where the columns of Es denote the eigenvectors of the spatially smoothed covari-
ance matrix Rv,smoothed corresponding to the signal subspace. Note that, here, the
number of targets are assumed known or pre-estimated by any signal enumeration

algorithms [25, 109, 110, 111, 112, 113, 114].

C. Target’s Path Gain Estimation

Based on the estimated DOAs of multiple targets θ̂k, k = 1, . . . , K, the esti-

mation of the complex path gains β̂k, k = 1, . . . , K is proposed as follows

β̂k =
SHv (θ̂k)

SHv (θ̂k)Sv(θ̂k)
xv ∀k = 1, . . . , K (2.47)

which is inspired by the virtual received signal model in Eqn. (2.39). It has low

computational complexity than using the complex path gain estimation in other

existing methods.
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2.3.4 Simulation Studies

Consider a MIMO radar system where a ULA with NRx = 5 antennas with half

wavelength spacing (λ
2
) is employed for Rx array and a NTx = 4 ULA with an-

tennas with NRxλ
2
spacing is employed for Tx array. The probing waveforms m(t)

employ Hadamard codes which have good orthogonality properties and PT is the

total transmit power. Assume there are K = 7 targets located in the space with

the directions and complex path gains shown in Table 2.1.

Table 2.1: The DOAs and complex path gains of Targets

Target Direction Complex path gain
1st 15◦ 0.7332 + 0.3076i
2nd 40◦ 0.7988 + 0.1808i
3rd 70◦ 0.7236 + 0.5023i
4th 85◦ 0.7634 + 0.1631i
5th 105◦ 0.8936 + 0.4120i
6th 115◦ 0.4676 + 0.2318i
7th 150◦ 0.5700 + 0.5552i

The received signal is corrupted by a white circularly symmetric complex

Gaussian noise with zero mean and variance σ2n.

First, consider a case that the length of probing signal, L, is 128 snapshots

and the ratio PT
σ2n
is 0dB. The size of subarray is P = 10. The MUSIC spectrum

in the proposed approach is presented in Fig. 2.7 as well as the spatial spectra

of the LS, Capon and APES methods (see Figs. 2.8—2.10) in one realisation.

The subspace methods fail to work since they are unable to form a larger signal

subspace (K = 7) from a small space (NRx = 5) spanned by the eigenvectors of

the covariance matrix at Rx. As shown in Figs. 2.7—2.10, the MUSIC spectrum

in the proposed approach shows high and narrow peaks for all the targets while

the LS spectrum can resolve all the targets but with many sidelobes which may

increase the diffi culty for the detection and estimation of targets. As expected,

the Capon and APES methods fail to provide correct spectrum since the number

of targets is larger than the number of antennas at the Rx array.
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Figure 2.7: The spectrum of MUSIC in proposed approach when L equals 128
and PT/σ2n equals 0dB

Figure 2.8: The spectrum of LS when L equals 128 and PT/σ2n equals 0dB
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Figure 2.9: The spectrum of Capon when L equals 128 and PT/σ2n equals 0dB

Figure 2.10: The spectrum of APES when L equals 128 and PT/σ2n equals 0dB
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Next, the comparison of the estimation accuracy of the proposed approach and

LS method is presented. A common figure of merit for comparing the estimation

accuracy of different estimators is the average root-mean-square errors (RMSEs)

of the estimated parameters θ̂k, β̂k, k = 1, ..., K which are defined as

RMSEθ =
1

K

K∑
k=1

√
E
{
| θ̂k − θk |2

}
(2.48)

RMSEβ =
1

K

K∑
k=1

√
E
{
| β̂k − βk |2

}
(2.49)

The results are all obtained by 5000 Monte Carlo simulations. All the other

parameters are the same as previous.

First, with PT
σ2n
fixed at 0dB, the variations of RMSEθ and RMSEβ as a factor

of the number of snapshots, L, are shown in Figs. 2.11 and 2.12, respectively.

It is clear that the proposed method provides more accurate estimates for both

the DOA and complex path gain of the target than the LS method throughout

the whole range of snapshots. Especially when the number of snapshots is larger

than 200, the estimation accuracy of both DOA and complex path gain in the

proposed approach still has obvious improvement while the LS method does not.

Then, with the number of snapshots fixed at 128, the effect of PT
σ2n
on the es-

timation accuracy of the proposed approach is depicted in Figs. 2.13 and 2.14

as well as the estimation accuracy of the LS method. Coinciding with Figs.

2.11 and 2.12, the proposed approach shows its superiority in the estimation ac-

curacy of both the DOA and complex path gain of the target than the LS method

during the entire range of PT
σ2n
. All these superiorities of the proposed approach

over the existing methods are due to the proposed approach suffi ciently exploits

the virtual array structure in MIMO radar than any other existing method for a

single pulse case.
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Figure 2.11: The average RMSEθ versus L when PT/σ2n equals 0dB

Figure 2.12: The average RMSEβ versus L when PT/σ2n equals 0dB
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Figure 2.13: The average RMSEθ versus PT/σ2n when L equals 128

Figure 2.14: The average RMSEβ versus PT/σ2n when L equals 128
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2.4 Spatiotemporal Signal Modelling

Considering the same scenario as in the section of the general spatiotemporal

signal modelling except, without loss of generality, assuming the Tx array, the

Rx array and the targets are located in the same two-dimensional space. Thus,

only the azimuths θk, k = 1, 2, . . . , K are represented for the DOAs of the multiple

targets. In such a MIMO radar system, the NTx transmitted waveforms m(t) ∈
CNTx×1 are designed as follows

m(t) =

L∑
n=1

a[n]c(t− (n− 1)2NcTc) (2.50)

are emitted through the array elements in the Tx array. Here, {a[n], ∀n ∈ L} are
NTx linearly independent sequences which are spread by the spreading waveform

c(t)

c(t) =
2Nc∑
i=1

α[i]p(t− (i− 1)Tc) (2.51)

where p(t) represents the chip-shaping waveform of duration Tc and {α[i], ∀i ∈
2Nc} is a zero-padded m-sequence denoted by c, i.e.

c ,
[
α[1], α[2], . . . , α[Nc], 0

T
Nc

]T
(2.52)

Without any doubt, the equivalent baseband received signal can still be written

as

x(t) =

K∑
k=1

βkSRx(θk)S
H
Tx(θk)m(t− τ k) + n(t) (2.53)

where, the same as the spatial signal model, STx(θk) ∈ CNTx×1 and SRx(θk) ∈
CNRx×1 denote the manifold vectors of the Tx and Rx arrays respectively for
the kth target at the direction θk.

Then, the discretised received signal X ∈ CNRx×2NcL according to Eqn. (2.53)
is given by

X =
K∑
k=1

βkSRx(θk)S
H
Tx(θk)(M⊗

(
Jlkc
)T

) + N (2.54)

where M ∈ CNTx×L represents

M ,
[

a[1], a[2],. . . ,a[L]
]

(2.55)
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Furthermore, J ∈ R2Nc×2Nc is the downshift matrix and lk is the quantized
relative path delay of the kth target, which are defined as

J ,
[

0T2Nc−1 0

I2Nc−1 02Nc−1

]
(2.56)

lk ,
⌈
τ k
Tc

⌉
, k = 1, 2, . . . , K (2.57)

Thus, when Jlk operates on a column vector, it downshifts the elements of the
vector by lk elements, which is an effective way to model the relative delays of

targets. In order to exploit the relative delays of targets, a space time array

(STAR) architecture at the Rx can be employed by using a bank of tapped-delay

lines of length 2Nc (see [103]). This is equivalent to partitioning the received

signal matrix X ∈ CNRx×2NcL into L block submatrices as follows

X =
[
X̃1, X̃2, . . . , X̃L

]
(2.58)

and then, vectorizing each submatrix X̃i (row vectorization) to form a new re-

ceived signal matrix X̆ ∈ C2NRxNc×L as

X̆ =
[
vec{X̃T1 }, vec{X̃T2 }, . . . , vec{X̃TL}

]
(2.59)

Eqn. (2.59) can be expressed as a function of the STAR manifold vector

S̆Rx(θk, lk) , SRx(θk)⊗
(
Jlkc
)
∈ C2NRxNc×1 (2.60)

That is

X̆ =
K∑
k=1

βkS̆Rx(θk, lk)S
H
Tx(θk)M+ N̆ (2.61)

where N̆ ∈ C2NRxNc×L is the corresponding noise matrix with the same statistical
properties as N ∈ CNRx×2NcL.
Comparing with the spatial received signal model in Eqn. (2.5), it can be

found that the model in Eqn. (2.61) has the same form as the discretised version

of the spatial received signal model. Thus, when the echoes from all the targets
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except the desired one are considered as the interferences, the discretised model

given in Eqn. (2.61) can be rewritten as

X̆ = βdS̆Rx(θd, ld)S
H
Tx(θd)M+ Z̆ (2.62)

where Z̆ represents the residual term, which includes the echoes from the other

targets and noise i.e.

Z̆ =

K∑
k=1
k 6=d

βkS̆Rx(θk, lk)S
H
Tx(θk)M+ N̆ (2.63)

Thus, the spatiotemporal signal model in Eqn. (2.62) has the same form as the

signal model in Eqn. (1.15), which implies the existing methods such as LS,

Capon and APES etc. can be utilised for the multi-target localisation in the

spatiotemporal signal model for MIMO radar.

Noting that the reconstructed received signal X̆ can be rewritten in a more
compact form according to Eqn. (2.61):

X̆ = S̆Rx(θ, l)diag{β}SHTx(θ)M+ N̆ (2.64)

where

S̆Rx(θ, l)=
[
S̆Rx(θ1, l1), S̆Rx(θ2, l2), . . . , S̆Rx(θK , lK)

]
(2.65)

STx(θ)=[STx(θ1), STx(θ2), . . . , STx(θK)] (2.66)

θ =[θ1, θ2, . . . , θK ]T (2.67)

β =[β1, β2, . . . , βK ]T (2.68)

l =[l1, l2, . . . , lK ]T (2.69)

It is worth pointing out that when transmit waveforms are without spreading,

Eqn. (3.3) can represent the signal model in which the relative delays of all the

targets are negligible.

2.5 Summary

In this chapter, first the general spatiotemporal signal model of MIMO radar

has been formulated. Then, when the relative delays are negligible, the general
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model turns into the spatial signal model. In such a model, the derivation of the

parameter identifiability illustrates that by transmitting orthogonal waveforms,

MIMO radar is able to identify much more targets than the conventional radar.

It is because MIMO radar can be considered as a virtual passive radar which has

a virtual array with an aperture length up to NTx times that of the real Rx array.

In order to enjoy this benefit in the DOA and complex path gain estimation,

a combined approach was proposed. Rather than the existing methods directly

applied at the Rx of MIMO radar systems, the proposed approach is applied in

MIMO radar based on the virtual array structure. Compared with the existing

methods, this virtual array enables the proposed approach to have the ability

to estimation more targets and provide more accurate estimation of the target’s

DOA and complex path gain, especially when the number of antennas at Tx

and Rx arrays is large. The simulation studies have illustrated the significant

improvement of the performance achieved by the proposed approach.

Moreover, by utilising spreading technique in the transmit signal design and

preprocessing the received data similarly as the wireless communication with

STAR manifold structure, a novel spatiotemporal signal model for MIMO radar

has been proposed. It enables the existing methods such as LS, Capon and APES

etc. to be transplanted from the spatial signal model to the spatiotemporal one.



Chapter 3

Proposed Framework of

Interference Suppressed

Optimisation

This chapter is concerned with a MIMO radar operating in an environment with

two or more closely located targets. In this scenario, mutual target interfer-

ence is a serious problem for multi-target parameter estimation, reducing the

performance of existing methods such as LS, Capon and APES since these previ-

ous methods where the overall effects of mutual target interference is treated as

"noise". Therefore, in this chapter, a novel interference suppressed optimisation

problem is formulated [115]. Moreover, the solutions to such an optimisation

problem are derived.

3.1 Introduction

Recalling the discretised version of the spatial only and spatiotemporal signal

models in Eqns. (1.15) and (2.62) as following

X = βSRx(θ)S
H
Tx(θ)M+ Z (3.1)

X̆ = βS̆Rx(θ, l)S
H
Tx(θ)M+ Z̆ (3.2)

50
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in which the LS, Capon, APES methods etc. are applied for the multi-target

localisation, it can be found that the effect of the mutual interferences among

echoes from multiple targets are considered as additive white Gaussian noise

which is not appropriate, especially when the targets are close to each other in

space [87]. In this case, the performance of these methods degrades significantly,

particularly when the number of snapshots is small. The APES method may fail

to resolve these targets. While the LS, Capon, CAPES and CAML may resolve

all the targets, the accuracy of the DOA estimation will degrade severely, which

will in turn affect the accuracy of the estimates of complex path gains. This effect

occurs because the small angular separations among multiple targets lead to high

mutual target interference (i.e. mutual interferences among the echoes from the

targets), which is not accounted for in these methods. In order to address the

multi-target parameter estimation in the presence of these high interferences, a

novel optimisation problem is formulated which involves the suppression of these

mutual interferences for multi-target parameter estimation. Then, the solutions

to such an optimisation problem are derived.

Since the spatial only and spatiotemporal signal models have the same form

(by comparing Eqns. (2.5) and (2.61)) the selection of which model will not affect

the derivation of the proposed optimisation problem. For simplicity, the relative

delays l of the targets are assumed to be negligible. Thus, the discretised received

signal model utilised for the proposed optimisation can be given as follows:

X = SRx(θ)diag{β}SHTx(θ)M+ N (3.3)

where

SRx(θ) = [SRx(θ1), SRx(θ2), . . . , SRx(θK)] (3.4)

STx(θ) = [STx(θ1), STx(θ2), . . . , STx(θK)] (3.5)

θ = [θ1, θ2, . . . , θK ]T (3.6)

β = [β1, β2, . . . , βK ]T (3.7)

Thus, the unknown parameters for multi-target localisation are the DOAs and

complex path gains of the targets. Next, the optimisation problem is formulated
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based on this model.

3.2 Interference Suppressed Optimisation For-

mulation

Based on the signal model described in Eqn. (3.3), a constrained optimisation

problem, which suppresses mutual multi-target interferences, is formulated for

the estimation θ and β.

Firstly, let us define the mean-square-error (MSE) matrix E of the echoes from
multiple targets at the Point (B) in Fig. 2.1 as

E , 1

L

[
WH

RxX− diag{β}SHTx(θ)M
]

·
[
WH

RxX− diag{β}SHTx(θ)M
]H

(3.8)

where the matrix WRx ∈ CNRxNc×K is the Rx beamforming matrix, of which

the goal is to suppress both the mutual interferences and noise while keeping

the echoes undistorted. This can be formulated using the following constrained

optimisation problem

min
β,WRx

Tr{E} (3.9)

subject to SHRx(θ)WRx = IK (3.10)

This constrained multi-variable optimisation problem can be solved by dividing

it into two separate optimisation problems which are with respect to the two

variables, β and WRx, respectively, and then combining the solutions to these

two separate optimisation problems.

3.3 Useful Lemmas for Solving Interference Sup-

pressed Optimisation

Before starting to derive the solutions to the interference suppressed optimisation

problem, two useful properties of the operator diag{·} for the derivation of the
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solutions are given in the following two lemmas:

Lemma 3.1

diag{Adiag{b}C} = (A� CT )b (3.11)

where A ∈ CM×N , C ∈ CN×M and b ∈ CN×1.

Proof. Let aij, cij denote the (i, j)th elements of A ∈ CM×N , D ∈ CN×N

and C ∈ CN×M , respectively. Let bj denotes the jth element of b ∈ CN×1. Then,
the diagonal elements in Adiag{b}C can be rewritten as follows

[Adiag{b}C]i,i =
K∑
k=1

aijbjcji

=
K∑
k=1

aijcjibj (3.12)

=
[
(A� CT )b

]
i

(3.13)

i.e. the corresponding element in (A�CT )b. Thus, it is straightforward to obtain

the following result

diag{Adiag{b}C} = (A� CT )b (3.14)

which is given in Eqn. (3.11), i.e. Lemma 3.1

Lemma 3.2
∂
∂b

tr{Ddiag{b}} = diag{D} (3.15)

where D ∈ CN×N and b ∈ CN×1.

Proof. According to Lemma 3.1, the derivative of tr{Ddiag{b}} with respect
to b can be rewritten as

∂

∂b
tr{Ddiag{b}} =

∂

∂b

[
1TNdiag{Ddiag{b}IN}

]
=

∂

∂b

[
1TN(D� IN)b

]
=

∂

∂b

[(
diag{D}

)T
b
]

= diag{D} (3.16)

which gives the result in Eqn. (3.15), i.e. Lemma 3.2.
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3.4 Optimal Solution of Complex Path Gain β

First, consider the optimisation problem with respect to the path gain vector β

with WRx fixed. That is,

min
β

Tr{E} (3.17)

In this case, the cost function ξβ , Tr{E} can be written as

ξβ = tr{WH
RxRxxWRx}

−tr
{
SHTx(θ)RHxmWRxdiag{β}

}
−tr

{
WH

RxRxmSTx(θ)diag{β∗}
}

+tr
{
SHTx(θ)RmmSTx(θ)diag{β∗}diag{β}

}
(3.18)

where

Rmm , 1

L
MMH ∈ CNTx×NTx (3.19)

Rxm , 1

L
XMH ∈ C2NRxNc×NTx (3.20)

Rxx , 1

L
XXH ∈ C2NRxNc×2NRxNc (3.21)

Based on Lemma 3.1 and Lemma 3.2, setting the derivative of ξβ with respect

to β to zero yields

∂ξβ
∂β

= (SHTx(θ)RmmSTx(θ)� IK)β∗

−diag{SHTx(θ)RHxmWRx}

= 0K (3.22)

Therefore, the solution for the optimisation problem in Eqn. (3.17) is given as

β = 1
NTx

diag{WH
RxRxmSTx(θ)} (3.23)

Note that Eqn. (3.23) can also be expressed in terms of individual targets as

βk(θk) = 1
NTx

wHRx,kRxmSTx(θk), k = 1, ..., K (3.24)
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where

WRx =
[
wRx,1, wRx,2, . . . , wRx,K

]
(3.25)

As shown in Eqns. (3.23) and (3.24), when the Rx beamforming matrix is de-

termined, the solution β is a function of the targets’DOAs which implies that

the spatial spectrum search will be utilised in the proposed method based on this

interference suppressed optimisation.

3.5 Optimal Rx Beamforming Matrix WRx

With fixed β, the constrained optimisation problem described by Eqn. (3.9) can

be rewritten as:

min
WRx

Tr{E} (3.26a)

subject to SHRx(θ)WRx = IK (3.26b)

Using the following two vectorisation identities [116]

tr{AHB} = vec(A)Hvec(B) (3.27)

vec(AHB) = (IN ⊗ A)Hvec(B) (3.28)

where A,B ∈ CM×N . The constraint given by Eqn. (3.26b) can be equivalently
rewritten as

(IK ⊗ SRx(θ))H vec{WRx} = vec{IK} (3.29)

and the objective function ξwRx , tr{E} can be written as

ξwRx=vec{WRx}H(IK ⊗ Rxx)vec{WRx}

−vec
{
RxmSTx(θ)diag{β∗}

}H
vec{WRx}

−vec{WRx}Hvec
{
RxmSTx(θ)diag{β∗}

}
+tr

{
diag{β}SHTx(θ)RmmSTx(θ)diag{β∗}

}
(3.30)

For convenience, let us define the following terms

w̃Rx , vec{WRx} ∈ C2KNRxNc×1 (3.31)
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S̃Rx(θ) , IK ⊗ SRx(θ) ∈ C2KNRxNc×KK (3.32)

R̃xx , IK ⊗ Rxx ∈ C2KNRxNc×2KNRxNc (3.33)

v , vec{IK} ∈ CKK×1 (3.34)

u , vec
{
RxmSTx(θ)diag{β∗}

}
∈ C2KNRxNc×1 (3.35)

C , tr
{

diag{β}SHTx(θ)RmmSTx(θ)diag{β∗}
}

(3.36)

Using Eqns. (3.31)-(3.36), the constrained optimisation problem in Eqn. (3.26)

can be expressed as:

min
w̃Rx

ξwRx (3.37a)

subject to S̃HRx(θ)w̃Rx = v (3.37b)

where

ξwRx = w̃HRxR̃xxw̃Rx − uHw̃Rx − w̃HRxu+ C (3.38)

Eqn. (3.37) is a typical equality constrained quadratic optimisation problem. It

can be transformed to an unconstrained optimisation problem based on the cost

function ξ̃wRx
ξ̃wRx = ξwRx + Re

{
λH
(
S̃HRx(θ)w̃Rx − v

)}
(3.39)

where λ ∈ C2KNRxNc×1 is the vector of Lagrange multipliers. If the derivative of
this cost function with respect to w̃Rx is set to zero, we have

∂ξ̃wRx
∂w̃Rx

=

[
w̃HRxR̃xx − uH +

1

2
λH S̃

H

Rx(θ)

]T
= 02KNRxNc (3.40)

which provides the vectorised weight matrix w̃Rx expressed as a function of the

vector of Lagrange multiplier λ. That is,

w̃Rx = R̃−1xx
(
u− 1

2
S̃Rx(θ)λ

)
(3.41)

Substituting Eqn. (3.41) into Eqn. (3.37b) yields the solution for the vector of

Lagrange multipliers λ as follows

λ = 2
(
S̃HRx(θ)R̃−1xx S̃Rx(θ)

)−1 (
S̃HRx(θ)R̃−1xxu− v

)
(3.42)
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Inserting Eqn. (3.42) into Eqn. (3.41) provides the solution w̃Rx, which is given

by Eqn. (3.43).

w̃Rx = R̃−1xx
(
u− S̃Rx(θ)

(
S̃HRx(θ)R̃−1xx S̃Rx(θ)

)−1 (
S̃HRx(θ)R̃−1xxu− v

))
(3.43)

Then, utilising the properties of the vectorisation operation, the optimal re-

ceive beamforming matrix WRx corresponding to the optimisation problem in

Eqn. (3.26) can be reconverted from the vectorised beamforming vector w̃Rx.

Firstly, according to the definitions in Eqns. (3.32) and (3.33), replacing S̃Rx(θ)
and R̃xx of the term

(
S̃HRx(θ)R̃−1xx S̃Rx(θ)

)−1
in Eqn. (3.43) yields

(
S̃HRx(θ)R̃−1xx S̃Rx(θ)

)−1
=

[(
IK ⊗ SHRx(θ)

)(
IK ⊗ R−1xx

)
(IK ⊗ SRx(θ))

]−1
=

[
IK ⊗

(
SHRx(θ)R−1xxSRx(θ)

)]−1
= IK ⊗

(
SHRx(θ)R−1xxSRx(θ)

)−1
(3.44)

Then, by using Eqn. (3.28), the term S̃HRx(θ)R̃−1xxu in Eqn. (3.43) can be rewritten
as

S̃HRx(θ)R̃−1xxu

=
(
IK ⊗ SHRx(θ)R−1xx

)
vec
{
RxmSTx(θ)diag{β∗}

}
= vec

{
SHRx(θ)R−1xxRxmSTx(θ)diag{β∗}

}
(3.45)

Thus, the vectorised weight matrix w̃Rx in Eqn. (3.43) can be rewritten as

vec{WRx}

=
(
IK ⊗ R−1xx

)
vec
{
RxmSTx(θ)diag{β∗}

}
−
[
IK ⊗

(
R−1xxSRx(θ)

(
SHRx(θ)R−1xxSRx(θ)

)−1)]
·vec

{
SHRx(θ)R−1xxRxmSTx(θ)diag{β∗} − IK

}
= vec

{
R−1xxRxmSTx(θ)diag{β∗}

}
−vec

{
R−1xxSRx(θ)

(
SHRx(θ)R−1xxSRx(θ)

)−1
·
(
SHRx(θ)R−1xxRxmSTx(θ)diag{β∗} − IK

)}
(3.46)
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Afterwards, removing the vectorisation operators yields

WRx = R−1xxRxmSTx(θ)diag{β∗}

+R−1xxSRx(θ)
(
SHRx(θ)R−1xxSRx(θ)

)−1
−R−1xxSRx(θ)

(
SHRx(θ)R−1xxSRx(θ)

)−1
·SHRx(θ)R−1xxRxmSTx(θ)diag{β∗} (3.47)

and then, rearranging the terms of the equation above gives the Rx beamforming

matrix WRx as follows:

WRx = R−1xx
(
INRx − SRx(θ)

(
SHRx(θ)R−1xxSRx(θ)

)−1 SHRx(θ)R−1xx)
· RxmSTx(θ)diag{β∗}

+ R−1xxSRx(θ)
(
SHRx(θ)R−1xxSRx(θ)

)−1
(3.48)

Furthermore, the combination of the solutions (Eqns. (3.48) and (3.23)) to the

two separate optimisation problems given in Eqns. (3.17) and (3.26), respectively,

are considered. Inserting the Rx beamforming matrix WRx given in Eqn. (3.48)

into Eqn. (3.23) yields

diag{WH
RxRxmSTx(θ)}

= diag
{

diag{β}SHTx(θ)RHxmR−1xxRxmSTx(θ)
}

+ diag
{(
SHRx(θ)R−1xxSRx(θ)

)−1 SHRx(θ)R−1xxRxmSTx(θ)}
− diag

{
diag{β}SHTx(θ)RHxmR−1xxSRx(θ)

·
(
SHRx(θ)R−1xxSRx(θ)

)−1 SHRx(θ)R−1xxRxmSTx(θ)}
=

[
IK �

(
SHTx(θ)RHxmR−1xxRxmSTx(θ)

)]
β

+ diag
{(
SHRx(θ)R−1xxSRx(θ)

)−1 SHRx(θ)R−1xxRxmSTx(θ)}
−

[
IK �

(
diag{β}SHTx(θ)RHxmR−1xxSRx(θ)

·
(
SHRx(θ)R−1xxSRx(θ)

)−1 SHRx(θ)R−1xxRxmSTx(θ))]β
= NTxβ (3.49)

Then, rearranging the terms gives the final solution of the complex path gain

vector β for the proposed interference suppressed optimisation in Eqn. (3.9) as

follows
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β(θ) =

{
NTxIK − IK �

[
SHTx(θ)RHxmR−1xxRxmSTx(θ)

−SHTx(θ)RHxmR−1xxSRx(θ)

×
(
SHRx(θ)R−1xxSRx(θ)

)−1
× SHRx(θ)R−1xxRxmSTx(θ)

]}−1

× diag

{(
SHRx(θ)R−1xxSRx(θ)

)−1
SHRx(θ)R−1xxRxmSTx(θ)

}
(3.50)

It can be seen that the complex path gain vector β is only function of the targets’

DOAs, θ. Thus, it is able to be utilised for the spectrum search based parameter

estimator (as the second proposed multi-target parameter estimation method in

next chapter) without considering the setting of the Rx beamforming matrix

WRx.

3.6 Summary

In MIMO radar, operating in the presence of multiple targets, the existing pa-

rameter estimation algorithms suffer from a significant performance degradation

due to the interference amongst the targets. This performance degradation is

particularly serious when the targets are located close together in space. This

chapter is concerned with solving this problem by proposing a novel optimisation

approach which is pivotal for estimating target’s direction and complex path gain

while suppressing the mutual interferences among multiple targets. Furthermore,

two lemmas have been presented to assist in deriving the solution to the proposed

optimisation problem. In the next chapter (Chapter 4), two novel multi-target

parameter estimation algorithms are proposed based on the concepts presented

in this chapter.



Chapter 4

Interference Suppressed

Multi-target Parameter

Estimation

In this chapter, two multi-target parameter estimation algorithms are proposed

based on the solutions to the interference suppressed optimisation proposed in

the previous chapter. The first is based on a constrained optimisation problem

that provides an iterative method. The second involves a novel non-linear op-

timisation based on a cost function of targets’directions which is solved using

the Biogeography-Based Optimisation (BBO) algorithm. The performance of

both the proposed approaches are evaluated via computer simulation studies and

shown to outperform existing methods.

4.1 Introduction

In this chapter, multi-target parameter estimation problem in the presence of

these high interferences is addressed based on solving the novel interference sup-

pressed optimisation proposed in the previous section. Based on the derivation of

the proposed optimisation problem in Sec. 3.2, two methods are proposed to solve

this problem. The first method is a one-dimensional iterative method which uses

60
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the suboptimal solutions of this constrained optimisation problem with respect to

the complex path gains of the targets and the Rx beamforming matrix separately.

The second method utilises the optimal solution of the complex path gains (con-

necting the complex path gains to DOAs) to form a non-linear cost function of

DOAs of targets which gives the estimates by employing the BBO [117] algorithm.

By suppressing the mutual interferences in the multi-target parameter estimation

problem, both proposed methods outperform the existing ones. Numerical results

validate the significant performance improvement achieved by these two proposed

methods. It is important to point out that the proposed methods assume that the

number of targets is known or has been estimated using, for instance, AIC[26],

MDL [109] or Gerschgorin disks [28], etc. Next, these two proposed interference

suppressed multi-target parameter estimation algorithms are presented.

4.2 One-Dimensional Iterative Method

(Proposed Method 1)

As derived in Secs. 3.4 and 3.5 in the framework of the interference suppressed

optimisation, the path gain β in Eqn. (3.23) (or its scalar form in Eqn. (3.24))

and the Rx beamforming matrix WRx in Eqn. (3.48) are functions of each other.

Hence, an iterative method can be devised for estimating the parameters θk and

βk, k = 1, ..., K of multiple targets as follows.

1. The data X are collected from the Rx and formed as Eqn. (3.3), then Rxm
and Rxx are calculated according to Eqn. (3.20) and Eqn. (3.21).

2. The DOAs θ̂
[0]
and complex path gains β̂

[0]
of multiple targets are initialized.

For instance, the initial (θ̂
[0]
, β̂

[0]
) can be given by any existing estimators

such as LS, Capon, CAPES, etc..

3. The initial Rx beamforming matrix W[0]
Rx can be formed by

W[0]
Rx = SRx(θ̂

[0]
) (4.1)

or following Eqn. (3.48).
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4. The multiple targets’DOAs θ̂
[i]

k , k = 1, ..., K are estimated based on the

spectrum search of the amplitude of the path gain according to Eqn. (3.24),

i.e.

θ̂
[i]

k = arg max
θ

∣∣∣(w[i−1]Rx,k)
HRxmSTx(θ)

∣∣∣, k=1, ..., K (4.2)

where, according to Eqn. (3.25), w[i−1]Rx,k, k = 1, . . . , K are the columns

of W[i−1]
Rx . Alternatively, the vector-form expression for the DOA estima-

tion according to Eqn. (3.23) is given as

θ̂
[i]

= arg max
θ

∣∣∣∣diag

{(
W[i−1]

Rx

)H
RxmSTx(θ)

}∣∣∣∣ (4.3)

5. Estimates of the complex path gains β̂[i] are given by Eqn. (3.24) (or Eqn. (3.23))

with estimated DOAs of targets θ̂
[i]
.

6. Calculate the sum of the MSEs of the received signals at Point (B) in

Fig. 2.1, i.e.

ε[i],ε(θ̂[i], β̂[i])

, 1

L

∥∥∥X− SHRx(θ̂[i])diag{β̂[i]}SHTx(θ̂
[i]

)M
∥∥∥2 (4.4)

If ε[i] > ε[i−1], then the current estimates (θ̂
[i]
, β̂

[i]
) are replaced by (θ̂

[i−1]
, β̂

[i−1]
)

obtained from the previous estimation.

7. By using the estimated parameters (θ̂
[i]
, β̂

[i]
) from Step 6, the Rx beam-

forming matrix W[i]
Rx is calculated via Eqn. (3.48).

8. Update the index [i]: [i]→ [i− 1].

9. Repeat Steps 4-8 until a stopping criterion is satisfied.
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4.3 Multidimensional Optimal Method

Using BBO (Proposed Method 2)

4.3.1 Proposed Multidimensional Optimal Method

Based on the optimisation with respect toWRx and β separately, a novel expres-

sion of β as only a function of θ is derived in Eqn. (3.50). Compared with the

solution of β given in Eqn. (3.23), this optimal solution of β will be used to pro-

vide a cost function only of the targets’DOAs θ. Here, due to the identifiability

of linear system and the independent noise effects, the cost function ξBBO(θ) will

be formed as the sum of the MSEs of the received signals at Point (B) shown in

Fig. 2.1. This can be expressed as follows:

θ̂ = arg min
θ

ξBBO(θ) (4.5)

where

ξBBO(θ) , 1

L

∥∥∥∥∥∥∥∥X− SRx(θ)diag

{
β(θ)︸︷︷︸

}
Eqn. (3.50)

SHTx(θ)M

∥∥∥∥∥∥∥∥
2

(4.6)

Following the estimates of θ, the estimates of the corresponding complex path

gains β̂ can be evaluated according to Eqn. (3.50).

As shown in Eqn. (4.6), with respect to θ, the cost function ξBBO(θ) is highly

non-linear with multiple local solutions. As a result, traditional approaches such

as gradient based methods will fail. This highly non-linear problem can be solved

by employing biology-based optimisation methods such as the genetic algorithms

(GA) [118], the particle swarm optimisation (PSO) [119] or the recently emerged

biogeography-based optimisation (BBO) algorithm [117]. The BBO approach

uses a mechanism which is analogous to nature’s way of distributing species. It

is shown in [117] that, since the cost function (i.e. Eqn. (4.5)) proposed in this

chapter is multimodal and nonseparable, it is more desirable to use the BBO

algorithm rather than the other approaches to achieve a better convergence time

and accuracy. A brief description of the BBO algorithm is given next.
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4.3.2 A Brief Description on BBO Algorithm

As discussed in Sec. 4.3.1, the highly non-linear problem in Eqn. (4.6) can be

solved by employing the BBO approach that is suitable for solving this kind of

problems using a mechanism that is analogous to the nature’s way of distributing

species [117].

In particular, in the natural environment, the species migrate from one bio-

geographic area (habitat) to another. In a single habitat, when the number of

species increases, the habitat becomes more crowded, fewer and fewer species

are able to successfully immigrate to the habitat (i.e. the immigration rate de-

creases). In the meanwhile, more and more species are able to emigrate from

the habitat to explore other possible habitats (i.e. the emigration rate increases).

Fig. 4.1 illustrates a general model of species immigration and emigration in a

single habitat [120].

Figure 4.1: A general model of species immigration and emigration in a single
habitat

Moreover, the areas which are well suited as the habitats for biological species

are said to have a high Habitat-Suitability-Index (HSI, i.e. the inverse of the value

of the cost function ξBBO(θ)), conversely the unsuitable areas (habitats) have a
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low HSI, where the HSI is evaluated by the Suitability Index Variables (SIVs, i.e.

θ). In other words, a good estimation of θ̂ is corresponding to a habitat with high

HSI, and a poor estimation is related to a habitat with low HSI. Habitats with

a high HSI tend to have too many species to be nearly saturated, while those

with low HSI have a small number of species. Thus, according to Fig. 4.1, these

habitats with HSI have more static species distribution (i.e. low immigration

rate) than low HSI habitats (i.e. high immigration rate). Besides, the species in

high HSI habitats have more opportunities (a high species emigration rate) than

low HSI habitats (a high species emigration rate) to emigrate to neighbouring

habitats. (This does not mean that an emigrating species completely disappears

from its home habitat; only a few representatives emigrate, thus, an emigrating

species exist in both its home habitat and a neighbouring habitat). With the

migration of species, high HSI habitats have a high probability to modify the

SIVs (i.e. bad estimations of θ̂) of low HSI habitats with their SIVs (i.e. good

estimations of θ̂) with low HSI habitats due to a high species emigration rate

of high HSI habitats. Meanwhile, high HSI habitats resist change of their SIVs

by low HSI habitats due to a low species immigration rate of high HSI habitats.

In contrast, low HSI habitats raise the quality of their bad SIVs by the good

one from high HSI habitats due to low HSI habitats’ high immigration rate.

On the other hand, low HSI habitats hardly affect the good SIVs of high HSI

habitats by their bad SIVs due to low HSI habitats’low emigration rate. Thus,

the estimations θ̂ are improved after several generations (iterations) of the species

migration. The estimates of the complex path gain β̂(θ̂) can be provided according

to Eqn. (3.50). The related software and more information can be found at

http://academic.csuohio.edu/simond/bbo.

4.4 Complexity Analysis

The difference of the computational complexity of the two proposed methods per

iteration mainly depends on the spatial spectrum searching. The computational

complexity of the proposed one-dimensional iterative method is O(KLθ) where
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Lθ denotes the size of the spatial spectrum. The worst case for the multidi-

mensional optimal method requires a multidimensional search for all the possible

solutions, which has a computational complexity of O
(

1
K!

K

Π
i=1

(Lθ − i+ 1)

)
≈

O
(
1
K!

(Lθ
e

)K
)
. Note that this complexity extremely high comparing to O(KLθ).

This computational complexity is significantly reduced by using the BBO algo-

rithm. The average number of flops in one realization based on the simulation in

Sec. 4.6.1 illustrates the advantages of applying BBO in the proposed multidimen-

sional optimal method. Here, the numbers of flops is of the order of O(109) for

the BBO based multidimensional optimal method, which is 10 times the number

of flops required by the proposed one-dimensional approach.

4.5 Comparison With Other Methods

For convenience, the main expressions relating to the existing methods which will

be compared to the two proposed ones, are recalled and given in Table 4.1.

The (θk, βk), k = 1, ..., K of the LS and Capon methods are obtained by

searching the peaks of the spectrums of |βLS(θ)|, |βCapon(θ)| and |βAPES(θ)|,
respectively, with the variant θ. As discussed in [87], the Capon method provides

more accurate estimates of the DOAs of targets but worse estimates of the path

gains by comparing with the APES method. Thus, to obtain the benefits of both

Capon and APES, a combined approach, named CAPES, is proposed in [121].

CAPES first estimates the DOAs of targets utilising the Capon method and then

refines the estimates of the path gains using the APES method. Similarly, the

CAML method combines the Capon estimator and the AML method [99]. Thus,

the performances of the CAPES and CAML methods are restricted to the DOA

estimation given by Capon, even if they can provide more accurate estimation of

the complex path gains than LS, Capon and APES.

It is worth pointing out that the MUSIC algorithm is not included in the

comparison. The MUSIC algorithm provides only the DOA estimation, but no

estimation of complex path gains which are related to the range and cross sec-

tion of the targets. Furthermore, MUSIC provides poorer estimation than the
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Table 4.1: The expressions of multi-target parameter estimation methods

LS βLS(θ) =
SHRx(θ)RxmSTx(θ)

NRxNTx

Capon βCapon(θ) =
SHRx(θ)R−1xxRxmSTx(θ)
NTxS

H
Rx(θ)R−1xxSRx(θ)

APES

β̂APES =
SHRx(θ)Q−1RxmSTx(θ)
NTxS

H
Rx(θ)Q−1SRx(θ)

where Q = Rxx − 1
NTx
RxmSTx(θ)SHTx(θ)RHxm

CAML

β̂
CAML

=

[(
SHRx(θ̂)R−1xxSRx(θ̂)

)
�
(
SHTx(θ̂)STx(θ̂)

)T]−1
·diag

{
SHRx(θ̂)T−1RxmSTx(θ̂)

}
where T = Rxx − RxmSTx(θ̂)

(
SHTx(θ̂)STx(θ̂)

)−1
SHTx(θ̂)RHxm

Proposed 1
Iterations using β = 1

NTx
diag

{
WH

RxRxmSTx (θ)
}

and WRx given by Eqn. (3.48)

Proposed 2 ξBBO(θ) with β(θ) given by Eqn. (3.50)

proposed approaches and other existing methods since it estimates the DOAs

using only the Rx antenna array and the covariance matrix of the received sig-

nals (Rxx). It does not utilize the manifold vector of the Tx array as in the
proposed approaches and the other existing methods.

4.6 Simulation Studies

Consider a MIMO radar system where a uniform linear array (ULA) with NTx =

NRx = 10 antennas with half wavelength spacing is employed for both Tx and
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Rx arrays. For simplicity but without loss of generality, the relative delays of the

targets are assumed negligible. The probing waveforms m(t) employ Hadamard

codes which have good orthogonality properties and PT is the total transmit

power. Assume there are K = 3 targets located at θ1 = 60◦, θ2 = 72◦, θ3 = 79◦

with complex path gains β1 = 0.7ej1.3, β2 = ej0.9, β3 = 0.8ej0.7, respectively,

which need to be estimated for the multi-target localisation. The received signal is

corrupted by a white circularly symmetric complex Gaussian noise with zero mean

and variance σ2n. The average root-mean-square errors (RMSEs) of the estimated

parameters θ̂k, β̂k, k = 1, ..., K defined in Eqns. (2.48) and (2.49) of Sec. 2.3.4 are

used to compare the performances of the proposed methods with that of other

methods. Moreover, here, the initial receive beamforming matrix W[0]
Rx of the

proposed one-dimensional iterative method is formed according to Eqn. (3.48) by

using the estimated DOAs and path gains from the CAPES method. The results

are all obtained by 1000 Monte Carlo simulations.

4.6.1 The Performance of Proposed Methods Versus It-

erations

Firstly, consider a scenario when the number of snapshots L = 128 and PT
σ2n

equals1 0dB. Figs. 4.2—4.5 show the magnitudes of the spatial spectral estimates

of β̂k, versus θ̂k, k = 1, ..., K, obtained in different iterations of the proposed

one-dimensional iterative method in a particular realization. Table 4.2 provides

the average estimation error of the two proposed algorithms as well as Capon,

CAPES, CAML and LS corresponding to these figures.

1Note that the input SNR at the Rx array is smaller than 0dB due to the path gains that
attenuate the transmit signals.
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Figure 4.2: The spatial spectra of θ̂k, β̂k, k = 1, ..., K for the 1st iteration of
the proposed 1-D iterative method when PT/σ2n equals 0dB and L equals 128
snapshots

Figure 4.3: The spatial spectra of θ̂k, β̂k, k = 1, ..., K for the 3rd iteration of
the proposed 1-D iterative method when PT/σ2n equals 0dB and L equals 128
snapshots
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Figure 4.4: The spatial spectra of θ̂k, β̂k, k = 1, ..., K for the 5th iteration of
the proposed 1-D iterative method when PT/σ2n equals 0dB and L equals 128
snapshots

Figure 4.5: The spatial spectra of θ̂k, β̂k, k = 1, ..., K for the 10th iteration of
the proposed 1-D iterative method when PT/σ2n equals 0dB and L equals 128
snapshots
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Table 4.2: The average estimation error

Methods Avg. Error of θ̂ Avg. Error of β̂
Proposed 1 0.27 0.10
Proposed 2 0.13 0.07
Capon 0.95 0.40
CAPES 0.95 0.39
CAML 0.95 0.37
LS 1.35 0.52

In these figures, the real θk and βk, k = 1, ..., K are denoted by the green

crosses while the estimated θ̂k and β̂k, k = 1, ..., K are represented via the colored

circles. It can be seen that the estimates become closer to the real values as the

number of iterations increases for proposed method.

Since the BBO approach for the multidimensional optimal method provides

the estimates in an iterative way as well, Figs. 4.6 and 4.7 illustrate the RMSE

convergence of θ̂k, β̂k, k = 1, ..., K of the proposed two methods, respectively.

For comparative purposes, the LS, Capon, CAPES and CAML methods are rep-

resented by the horizontal lines (though they are NOT iterative methods), while

the APES method fails to perform since the targets are too close to be resolved.

Comparing with these existing methods, the RMSEθ and RMSEβ of the proposed

one-dimensional iterative method (see Proposed 1 in the figures) decrease signifi-

cantly after several iterations, which implies the improvement of the accuracy of

the estimates provided by the proposed one-dimensional iterative method. Since

the proposed iterative method is an algorithmic iterative procedure, it cannot

be analytically proven. However, using 1000 computer simulation studies, it has

been 100% success rate convergence of the proposed iterative algorithm. More-

over, the “error bars” in Fig. 4.6 and Fig. 4.7 represent the standard deviation

for the RMSEθ and RMSEβ, respectively, which show that the proposed iterative

method always outperforms the existing ones.

The RMSEθ and RMSEβ given by the proposed multidimensional optimal

method (see Proposed 2 in the Figures) achieve a lower level than the proposed

one-dimensional iterative method.
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Figure 4.6: The RMSEθ convergence of the proposed multidimensional optimal
and 1-D iterative methods when PT/σ2n equals 0dB and L equals 128 snapshots

Figure 4.7: The RMSEβ convergence of the proposed multidimensional optimal
and 1-D iterative methods when PT/σ2n equals 0dB and L equals 128 snapshots
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This implies that the multidimensional optimal method provides more accu-

rate estimation than the one-dimensional iterative method. This is due to the

fact that the multidimensional optimal method utilises the optimal solution of

complex path gain vector β for the minimisation problem in Eqn. (3.9), while

the one-dimensional iterative method utilises the suboptimal solution of β with

fixed WRx according to Eqn. (3.23). Moreover, if the initial estimates of the

directions of targets given by Capon are applied in the BBO for the proposed

multidimensional method, as the dash-dot line shown in Figs. 4.6 and 4.7, the

convergence rates of RMSEθ and RMSEβ are even better than those of the ran-

dom initialized BBO (shown as the dash line). From Figs. 4.6 and 4.7, it is

clear that both the proposed methods outperform the other existing methods as

expected.

4.6.2 Finite Averaging Effects

Next, with PT
σ2n
fixed at 0dB, the variations of RMSEθ and RMSEβ as a factor

of the number of snapshots, L, are shown in Figs. 4.8 and 4.9, respectively. It

is clear that, for the entire range of snapshots, the proposed multidimensional

optimal method has the ability to give the best parameter estimation of multiple

targets while the proposed one-dimensional iterative method is worse than the

multidimensional optimal one, but significantly enhances the accuracy of the esti-

mation given by the rest of the methods, even with a small number of snapshots.

These results coincide with the case of fixed PT
σ2n
and snapshots and the expla-

nation therein. Meanwhile, LS gives the worst estimation for both DOAs and

complex path gains of targets. Based on the same DOA estimator, i.e. Capon,

the complex path gain estimated by CAML is slightly more accurate than CAPES

and Capon, but tends to achieve the same accuracy as CAPES when the number

of snapshots increases.
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Figure 4.8: The RMSEθ performance versus L when PT/σ2n equals 0dB

Figure 4.9: The RMSEβ performance versus L when PT/σ2n equals 0dB
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4.6.3 Noise Effects (Variable Levels of PT
σ2n
)

Finally, Figs. 4.10 and 4.11 depict the effect of PT
σ2n
on the performance of the pro-

posed methods while PT
σ2n
is varying. The number of snapshots is fixed at L = 128

and all the other parameters are set as before. As expected, the proposed mul-

tidimensional optimal method shows its superiority in the parameter estimation

than all the other methods throughout the whole range of PT
σ2n
. Meanwhile, the

proposed one-dimensional iterative method outperforms the LS, Capon, CAPES

and CAML methods, especially when PT
σ2n
is low. When PT

σ2n
is high, the Capon,

CAPES and CAMLmethods tend to reach the similar RMSEθ performance as the

proposed one-dimensional iterative method while CAPES and CAML methods

approaches a similar RMSEβ as the proposed one-dimensional iterative method.

However, it is inappropriate to assume such a high PT
σ2n
environment for a radar

system since the target returns are seldom hundreds of times stronger than the

noise.

Figure 4.10: The performance of RMSEθ versus PT/σ2n when L equals 128 snap-
shots
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Figure 4.11: The performance of RMSEβ versus PT/σ2n when L equals 128 snap-
shots

It is worth noting that when PT
σ2n
increases, the RMSEβ decreases for all de-

scribed methods except the Capon method since the estimate of θ is biased and

the estimates of β is unbiased in Capon while for all the other methods, the

estimates of both θ and β are unbiased.

4.7 Summary

This chapter focuses on multi-target parameter estimation with high mutual in-

terferences among the echoes from the targets which are close together. Based

on the solutions to the proposed interference suppressed optimisation problem in

the previous chapter, the multidimensional optimal and one-dimensional iterative

methods were proposed. The BBO approach is utilised for the multidimensional

optimal method to reduce the computational complexity of a multidimensional

search. The one-dimensional iterative method avoids the need for multidimen-

sional optimisation but the initial estimates are required. The numerical re-
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sults have illustrated that both methods have better performance than other

existing methods since they suppress the mutual interferences among the echoes

from the targets and the others do not. Moreover, the multidimensional opti-

mal method provides more accurate estimates than the one-dimensional iterative

method. This is because the former method utilises the optimal solution of the

complex path gain while the latter uses the suboptimal solution of the complex

path gain for the formulated optimisation problem. However, it must be noted

that, the multidimensional optimal method with BBO has higher computational

complexity than the one-dimensional iterative one, especially when the number

of targets are large. Hence, there is a tradeoff when choosing these two methods

in practice.

Moreover, though the proposed multi-target parameter estimation methods

are suitable for both negligible and nonnegligible relative delay cases, only the

simulation results of the negligible delay case is given. As a future work, the

simulation results of the nonnegligible case can be analysed. Besides, the way to

solve the interference suppressed optimisation problem cannot only use for multi-

target parameter estimation in MIMO radar, but also in other applications in

which multiple constrained optimisation problems are considered. These multiple

constraints can be interpreted as the interference suppression or for any other

concepts.



Chapter 5

Joint Tx and Rx Multi-Target

Localisation

The previous chapters only focus on improving the performance of parameter

estimation for the multi-target localisation by processing the data received at the

receive side without any Tx beamforming design. The Tx beamforming provides

high directional gain which can improve the performance of multi-target localisa-

tion. Thus, in order to enjoy this benefit, in this chapter, a joint transmitter and

receiver multi-target localisation approach is proposed for MIMO radar systems.

In such an approach, the multi-target localisation is operating via the cooperation

with the transmit beamforming. This cooperation enables the proposed approach

to achieve better performance for multi-target localisation than the other existing

methods, which is validated by the simulation studies.

5.1 Introduction

The recent work in MIMO radar with small aperture arrays mainly focuses on

the multi-target localisation and the transmit beamforming design. In the multi-

target localisation, since the targets are unknown, the orthogonal waveforms are

usually utilised in the MIMO radar in order to provide an equivalent gain for the

whole space and keep the echoes from the multiple targets independent among

78
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each other in a single pulse period. Thus, many DF algorithms employed in

passive radars can be applied directly for the multi-target localisation in MIMO

radar such as LS, Capon and APES etc. which have been introduced in Chapter 1.

In fact, the advantages offered by transmitting orthogonal waveforms are based

on the sacrifice of high directional gain obtained by the transmit beamforming

design, which leads to the degradation of the resolution and accuracy of targets’

locations provided by a MIMO radar system under the limited transmit power.

On the other hand, due to the flexibility in the choice of the transmit waveforms

in the MIMO radar, some work related to the transmit beamforming has been

done. The discussions in [65, 66] mainly aim to design the covariance matrix of the

probing waveforms to approach a desired transmit beampattern. In [68, 69], the

transmit beamforming is in the form named “transmit subaperturing approach”

or called “transmit array partitioning”. Thus, with the increased directional gain

by the transmit beamforming, a radar system can provide high directional gain

which can enhance the performance of the multi-target localisation especially the

resolution and the estimation accuracy of target’s location.

Therefore, an intuitive way to let the multi-target localisation of MIMO Radar

enjoy the benefit provided by the transmit beamforming is the joint Tx and Rx

multi-target localisation strategy in which the estimates of targets’locations are

based on the transmit beams which are generated corresponding to the previous

estimates of the targets’locations, and it works in an iterative way. However, most

recent designs of the transmit beams aim to match a desired beampattern such as

an approximately rectangular beampattern [66, 65]. But the discussion on which

kind of beampattern can best improve the performance of multi-target localisation

has rarely been given. Moreover, for the desired beampattern, the values of

the directional gains for the pre-known targets are preset without any criterion.

Therefore, the current beampattern matching designs are not suitable for the joint

Tx and Rx multi-target localisation. But, in [65], a method named maximum

power design is proposed for the transmit beamforming. In this beamforming

method, the beams are formed by the eigenvector associated with the maximum

eigenvalue of the covariance matrix composed by the manifold vectors of known
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directions of targets. Thus, this maximum power method can be simply employed

by the joint Tx and Rx multi-target localisation. However, this design maximises

the total power at the directions of targets of interest while the distributed power

for individual target is not controlled. Hence, it has the risk to cause the joint Tx

and Rx multi-target localisation fail to work due to the lack of energy illuminated

on some of the targets.

Thus, inspired by the joint Tx-Rx beamforming inMIMO communications [122,

123, 124], a novel joint Tx and Rx multi-target localisation approach is proposed

in this chapter. In the proposed approach, the transmit beamforming matrix is

generated according to an optimisation problem which takes account of not only

the previous estimates of the directions but also the estimates of delays and path

gains of targets, while two different methods are presented for the multi-target

localisation based on the current transmit beamforming matrix. Furthermore,

the proposed approach allows the control of the power at each target’s location

since the optimisation, from which the Tx beamforming matrix derived, is modi-

fied to constrain the power illuminated on individual targets. Thus, the proposed

joint Tx and Rx multi-target localisation approach achieves higher resolution and

more accurate estimation of targets’ locations than those methods which com-

bine the transmit beamforming and multi-target localisation directly. Finally, it

is validated by the numerical results.

5.2 Signal Model

Consider the general spatiotemporal signal model given in Sec. 2.2 in which,

for simplicity, the Tx array, the Rx array and the targets are located in a two-

dimensional space and the targets are at the far field of the radar system.
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Figure 5.1: The MIMO radar system based on the proposed joint Tx and Rx multi-target localisation method
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At the Tx array, the pulsed transmit waveforms mi(t), i = 1, . . . , NTx which

have good auto- and cross-correlations

m(t) =
[
m1(t),m2(t),. . . ,mNTx

(t)
]T

(5.1)

Rmm,i(τ) = E{mi(t)mj(t− τ)}

=

{
1, i = j, τ = 0

0, otherwise
, ∀i = 1, . . . , NTx (5.2)

are utilised. These waveforms are linearly combined for each antennas of Tx

array according to the Tx beamforming matrixWTx ∈ CNTx×NTx . Afterwards, the
weighted waveforms are emitted by the Tx array (see Point (A) in Fig. 5.1).

Assuming there areK point targets at distinct locations θk, τ k, k = 1, 2, . . . , K

with respect to the radar’s common reference point. Then, the weighted wave-

forms are reflected by multiple targets and received by the Rx array. Fig. 5.2

shows the configuration and the propagation of pulses on the time axis. Thus,

Figure 5.2: Illustration of the configuration of baseband transmitted pulses and
the echoes impinging on the Rx array from different targets in MIMO radar

ignoring the common delay, the equivalent baseband received signal vector (See

Point (B) in Fig. 5.1) can be written as

x(t) =
K∑
k=1

βkSRx(θk)S
H
Tx(θk)WTxm(t− τ k)+n(t) (5.3)
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where STx(θk) ∈ CNTx×1 and SRx(θk) ∈ CNRx×1 denote the manifold vectors of
the Tx and Rx arrays respectively for the kth target, in which θk is the direction

of the kth target with respect to the common reference point of Tx and Rx

arrays. Furthermore, in Eqn. (5.3), the parameter, βk, denotes the complex path

gain associated with the kth target and n(t) is the circularly symmetric complex

Gaussian noise vector with n(t) ∼ N (0, σ2nINRx).
Assuming each transmit waveform with pulsewidth Tp is consisted of Nc sub-

pulses, the time duration of one subpulse is Tc = Tp/Nc. Thus, the delay of

the kth target is quantised as lk = dτ k/Tce, k = 1, . . . , K. Note that the pe-

riod of a subpulse Tc is the minimum recognised delay which is proportional to

the range resolution (the size of range bin) [125]. Then the discretised received

data X ∈ CNRx×L can be given according to Eqn. (5.3):

X =
K∑
k=1

βkSRx(θk)S
H
Tx(θk)WTxMJlk + N (5.4)

where L = Nc+Q in which Q refers to the maximum tolerable delay. Hence,M ∈
CNTx×L denotes the zero-appended transmitted waveform matrix. It is in the form
as M = [MT

1 ,M
T
2 , . . . ,M

T
NTx

] in which MT
k ∈ CL×1,m = 1, . . . , NTx. Besides, J is

a L× 1 time upper shift matrix given as follows

J =

[
0L−1 IL−1

0 0L−1

]
(5.5)

It is worth to note that, in such a MIMO radar system, θk, βk and lk are

the three unknown parameters to be estimated for the localisation of the kth

target, where θk describes the direction, the complex path gain βk is related to

the reflection material of target and its magnitude is inversely proportion to the

power of the distance of the target [1] and the delay lk indicates the relative

distance of the kth target from the receiving reference clock (tRx = 0) at Rx.
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5.3 Framework of Joint Tx and Rx MSE-Based

Optimisation

For the aim of iteratively improving the multi-target localisation at Rx by updat-

ing the Tx beamforming matrix according to the estimates given by the previous

targets’localisations, a joint Tx and Rx multi-target localisation method (as il-

lustrated in Fig. 5.1) is proposed. Firstly, the design of Tx beamforming matrix

and the estimation of target’s path gain are derived from a similar optimisation

problem as in the APES method, which is formulated as follows:

min
β
k
,WTx,wRx,k

∥∥wHRx,kX− βkSHTx(θk)WTxMJlk
∥∥2

subject to SHRx(θk)wRx,k = 1

, ∀k = 1, . . . , K (5.6)

Where wRx,k is the Rx beamforming vector for the k
th target, of which the goal is

to let the output of it as close as possible to a signal (i.e. βkS
H
Tx(θk)WTxMJlk) only

including the parameters for the kth target. The proposed approach presented

in the next section is based on the solutions βk ∀k = 1, . . . , K and WTx to

this optimisation problem. In order to get these solutions, the corresponding

solution wRx,k ∀k = 1, . . . , K to the optimisation problem in Eqn. (5.6) is derived

at first.

5.3.1 The Optimal Rx Beamforming Vector wRx

For the kth target, with fixed βk and WTx, Eqn. (5.6) becomes a constrained

minimisation problem with respect to wRx,k. That is

min
wRx,k

∥∥wHRx,kX− βkSHTx(θk)WTxMJlk
∥∥2 (5.7a)

subject to SHRx(θk)wRx,k = 1 (5.7b)
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which can be solved by using the Lagrange multiplier methodology. Let Jk denotes

the objective function in Eqn. (5.7a), then

Jk=wHRx,kRxxwRx,k + |βk|2SHTx(θk)WTxR(k)mmWH
TxSTx(θk)

−βkSHTx(θk)WTx

(
R(k)xm

)H
wRx,k

−β∗kwHRx,kR(k)xmWH
TxSTx(θk) (5.8)

where

Rxx =
1

L
XXH (5.9)

R(k)xm =
1

L
X
(
MJlk

)H
(5.10)

R(k)mm =
1

L
MJlk

(
MJlk

)H
(5.11)

Setting the derivative of the cost function with respect to wRx,k to zero

∂

∂wRx,k

(
Jk + Re

{
λ(wHRx,kSRx(θk)− 1)

})
= 0NR (5.12)

gives

wRx,k = β∗kR−1xxR(k)xmWH
TxSTx(θk)−

1

2
λR−1xxSRx(θk) (5.13)

Then, substituting Eqn. (5.13) into the constraint of the minimisation problem

in Eqn. (5.7b) yields the solution for the Lagrange multiplier λ

λ =
2
(
β∗kS

H
Rx(θk)R−1xxR

(k)
xmWH

TxSTx(θk)− 1
)

SHRx(θk)R−1xxSRx(θk)
(5.14)

Finally, inserting Eqn. (5.14) back into Eqn. (5.13) and rearranging gives the

solution for wRx,k

wRx,k = β∗k

(
INRx −

R−1xxSRx(θk)SHRx(θk)
SHRx(θk)R−1xxSRx(θk)

)
R−1xxR(k)xmWH

TxSTx(θk)

+
R−1xxSRx(θk)

SHRx(θk)R−1xxSRx(θk)
, ∀k = 1, . . . , K (5.15)

It is worth to point out that these Rx beamforming vectors wRx,k ∀k = 1, . . . , K

are the essential intermediate solutions used for the derivation of the solutions of

βk, ∀k = 1, . . . , K andWTx which are used in the proposed approach in the next

section.
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5.3.2 The Estimation of Complex Path Gain β

Similar to the path gain estimation of the targets in the APES method, the esti-

mation of complex path gain is obtained from the solution βk to the optimisation

problem in Eqn. (5.6) with the given Tx beamforming matrix WTx. Firstly, con-

sidering the optimisation problem in Eqn. (5.6) with the fixedWTx and wRx,k for

the kth target, i.e.

min
β
k
,WTx,wRx,k

‖wHRx,kX− βkSHTx(θk)WTxMJlk‖2 (5.16)

Let the derivative of the object function Jk in Eqn. (5.16) with respect to the

complex path gain βk equal zero, i.e.
∂Jk
∂βk

=
(
β∗kS

H
Tx(θk)WTxR(k)mmWH

TxSTx(θk)
)T

−
(
SHTx(θk)WTx(R(k)xm)HwRx,k

)T
= 0 (5.17)

then after rearranging, the solution of the complex path gain βk can be expressed

as

βk =
wHRx,kR

(k)
xmWH

TxSTx(θk)

SHTx(θk)WTxR(k)mmWH
TxSTx(θk)

(5.18)

Thus, substituting wHRx,k in Eqn. (5.15) into Eqn. (5.18) yields the expression for

the estimation of the complex path gain βk in Eqn. (5.19). For convenience, the

expression of βk gives in its form:

1

βk
=

1

SHRx(θk)R−1xxR
(k)
xmWH

TxSTx(θk)

(
SHRx(θk)R−1xxSRx(θk)

×SHTx(θk)WTx

(
R(k)mm − (R(k)xm)HR−1xxR(k)xm

)
WH

TxSTx(θk)

+
∥∥SHRx(θk)R−1xxR(k)xmWH

TxSTx(θk)
∥∥2) (5.19)

As shown in Eqn. (5.19), the complex path gain βk of target is a function of three

parameters which are the Tx beamforming matrix WTx, the kth target’s DOA θk

and delay lk for all k = 1, . . . , K. It implies that the complex path gain βk of

the kth target can be estimated with the known Tx beamforming matrix WTx,

the estimated DOAs θk and delays lk for all k = 1, . . . , K.
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5.3.3 The Design of Tx Beamforming Matrix WTx

Intuitively, the solution ofWTx should be given according the minimisation prob-

lem in Eqn. (5.6) with fixed βk and wRx,k ∀k = 1, . . . , K. However, for the

purpose of controlling the individual power at each target’s direction for the Tx

beamforming to reduce the risk of failing to resolve the targets, the minimisation

problem given in Eqn. (5.6) is modified as follows

min
WTx,k

∥∥wHRx,kX− βkSHTx(θk)WTx,kMJlk
∥∥2 , ∀k = 1, . . . , K (5.20)

where the solution WTx,k can be obtained by setting the derivative of the cost

function Jk in Eqn. (5.20) to zero

∂Jk
∂WTx,k

= ONTx×NTx , ∀k = 1, . . . , K (5.21)

which gives the expression as

|βk|2STx(θk)SHTx(θk)WTx,kR(k)mm = β∗kSTx(θk)w
H
Rx,kR(k)xm (5.22)

Then, inserting Eqn. (5.15) into Eqn. (5.22) yields

βkS
H
Tx(θk)WTx,kAk = BT

k (5.23)

where

Ak = R(k)mm − (R(k)xm)HR−1xxR(k)xm

+
(R(k)xm)HR−1xxSRx(θk)SHRx(θk)R−1xxR

(k)
xm

SHRx(θk)R−1xxSRx(θk)
(5.24)

Bk =

(
SHRx(θk)R−1xxR

(k)
xm

SHRx(θk)R−1xxSRx(θk)

)T

(5.25)

Though Eqn. (5.23) is an underdetermined equation, an analytical solutionWTx,k

for the kth target can be obtained as follows

WTx,k =
β∗kSTx(θk)A−1k BT

k

|βk|2NTx

(5.26)
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Finally, for the purpose of forming beams towards the locations of all the K

targets, the Tx beamforming matrix WTx is generated by the summation of the

normalised beamforming matrix WTx,k, k = 1, . . . , K, i.e.

WTx =

K∑
k=1

WTx,k

‖WTx,k‖F
(5.27)

which is deployed in the MIMO radar systems based on the estimates of the

multiple targets’DOAs θk, delays lk and complex path gains βk, ∀k = 1, . . . , K

(as shown in Fig. 5.1). Noting that the Tx beamforming matrix WTx has to be

normalised according to the constraint of the maximum transmit power in radar

systems.

5.4 Multi-Target Localisation Methods

In the previous discussion, the estimation of the complex path gain βk and the

design of Tx beamforming WTx are based on the assumption that locations of

multiple targets, i.e. the DOAs θk and delays lk, ∀k = 1, . . . , K of the multiple

targets are pre-known or pre-estimated. Therefore, the estimation methods for

these two critical parameters are needed. Here, two different parameter estima-

tion methods are presented. One is a two-step estimation method and the other

is a joint direction and delay estimation method.

5.4.1 Two-Step Estimation Method

The most common approach is to apply existing methods for the DOA estimation

at first, then use the estimated DOAs of targets for the delay estimation. The

well-known DOA estimation methods in MIMO radar such as LS, Capon and

APES fail to work since they can only be applied in the case of the negligible

relative delays among the targets while the non-negligible case is considered [87].

Consequently, the classical MUSIC algorithm [29] is employed for the targets’

DOAs estimation. The spatial spectrum of MUSIC method can be given as

ξMUSIC(θ) =
1

SHRx(θ)EnEHn SRx(θ)
(5.28)
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where the columns of En denote the eigenvectors of the receive covariance ma-
trix Rxx corresponding to the noise subspace.
Then, with the estimated directions of multiple targets θ̂k, ∀k = 1, . . . , K,

the delay estimation of the kth target is proposed as follows

l̂k = arg max
lk∈[0,lmax]

∥∥∥∥(P⊥SRx,JkSRx(θ̂k))H R(k)xm
∥∥∥∥ (5.29)

where P⊥SRx,Jk is the complementary projection matrix of SRx,Jk which is the ma-
trix composed by the Rx manifold vectors of estimated directions except the kth

one SRx(θk), i.e.

SRx,Jk =[SRx(θ1), ..., SRx(θk−1), SRx(θk+1), ..., SRx(θK)] (5.30)

Rather than only using the autocorrelation property of the transmit signals, the

proposed method employs the projection operation based on the estimated DOAs

(as shown in Eqn. (5.29)) which enables the proposed delay estimation to suppress

the affect of the mutual interferences among the targets in order to improve the

estimation.

5.4.2 Joint DOA and Delay Estimation

Though the proposed two-step approach is easy to implement and has low com-

putational complexity, it is unable to provide enough accurate estimates and in

which the delay estimation highly depends on the DOA estimation. Due to these

disadvantages of the two-step approach, a joint DOA and delay estimation is

presented here. The proposed joint DOA and Delay estimation is based on a

spatial-temporal spectrum search in which the spectrum is a combination of two

basic spectra. One is based on the proposed MSE criterion in Eqn. (5.6), which

is given as follows

ξMSE(θ, l) =
1

‖wHRx(θ, l)X− β(θ, l)SHTx(θ)WTxMJl‖2
(5.31)



5. Joint Tx and Rx Multi-Target Localisation 90

where the vector wRx(θ, l) is based on the optimal Rx beamforming vector given

in Eqn. (5.15), i.e.

wRx(θ, l) = β∗(θ, l)

(
INRx−

R−1xxSRx(θ)SHRx(θ)
SHRx(θ)R−1xxSRx(θ)

)
R−1xxRlxmWH

TxSTx(θ)

+
R−1xxSRx(θ)

SHRx(θ)R−1xxSRx(θ)
(5.32)

while β(θ, l) is based on the optimal complex path gain given in Eqn. (5.19)

which can be written, in its inverse form for convenience, as follows

1

β(θ, l)
=

1

SHRx(θ)R−1xxRlxmWH
TxSTx(θ)

(
SHRx(θ)R−1xxSRx(θ)

× SHTx(θ)WTx

(
R(k)mm − (Rlxm)HR−1xxRlxm

)
WH

TxSTx(θ)

+
∥∥SHRx(θ)R−1xxRlxmWH

TxSTx(θ)
∥∥2) (5.33)

in which Rlxm and Rlmm is defined as

Rlxm =
1

L
X(MJl)H (5.34)

Rlmm =
1

L
MJl(MJl)H (5.35)

The other one is a Capon-like spectrum which is given as follows

ξCapon−like(θ, l) = wHRx(θ, l)RxxwRx(θ, l) (5.36)

Rather than the Rx beamforming vector derived from the Caponmethod, wRx(θ, l)

is the Rx beamforming vector presented in Eqn. (5.32). Finally, the two-

dimensional spectrum of the proposed method is a product of this two basic

spectrum, i.e.

ξproposed(θ, l) = ξMSE(θ, l)× ξCapon−like(θ, l) (5.37)

where a two dimensional search is needed for finding the peaks of which the

coordinates are corresponding to the estimates of the targets’DOAs and complex

path gains.
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5.5 Joint Tx and Rx Multi-Target Localisation

Approach

5.5.1 Proposed Joint Tx and Rx Multi-Target Localisa-

tion

From the above analysis, it can be seen that, with estimated DOAs and delays

of targets, the Tx beamformer and the estimates of the complex path gains are

functions of each other, thus a joint method is proposed for the multi-target

localisation in MIMO Radar via several steps iteratively.

In the ith iteration, firstly, with received signal, the DOAs θ[i]k and the de-

lays l[i]k , k = 1, . . . , K of targets are estimated by the two proposed multi-target

localisation methods in Sec. 5.4. Afterwards, the estimates of the complex path

gains β[i]k , k = 1, . . . , K are obtained by Eqn. (5.19) based on the Tx beamforming

matrix W[i−1]
Tx in the previous iteration. Finally, based on these estimated para-

meters θ[i]k , l
[i]
k , β

[i]
k , k = 1, . . . , K, the Tx beamforming matrix W[i]

Tx is updated

according to Eqn. (5.27). The initial Tx beamformer should evenly distribute the

transmit power towards all the directions due to no prior knowledge of the loca-

tions of targets. Thus, an identity matrix is utilised, i.e.WTx = INTx . A summary
of the proposed joint multi-target localisation method is given in Table 5.1.

5.5.2 Joint Tx and Rx Multi-Target Localisation with the

Existing Tx Beamforming Designs

In the proposed approach described above, the Tx beamforming design and the

estimation of the targets’ complex gains at Rx are derived from the same op-

timisation problem. Rather than that, they can operate separately. Here, two

different Tx beamforming design methods are introduced for joint multi-target

localisation instead of the proposed one given in Eqn. (5.27). One is the maxi-

mum power design. The other forms the Tx beamforming matrix by the manifold

vectors of the estimated targets’directions. For the purpose of comparison, the
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Table 5.1: Proposed joint Tx and Rx multi-target localisation

initialise

1 For [i]=0, set the Tx beamformer matrix W[0]
Tx = INTx

2 Set the index [i] = 1

repeat

3 Estimate θ̂
[i]

k and l̂[i]k , k = 1, . . . ,K using the proposed multi-target

localisation methods provided in Secs. 5.4.1 and 5.4.2

4 Evaluate β̂
[i]

k , k = 1, . . . ,K according to Eqn. (5.19)

with W[i−1]
Tx and estimated θ̂

[i]

k , l̂
[i]
k , k = 1, . . . ,K

5 Evaluate the Tx beamforming matrix W[i]
Tx based on

estimated θ̂
[i]

k , l̂
[i]
k , β̂

[i]

k , k = 1, . . . ,K according to Eqn. (5.27)

6 Update the index [i]→ [i− 1]

until a predefined convergence criterion is reached

joint multi-target localisation methods with these two Tx beamforming designs

employ the same parameter estimators as the proposed method.

The maximum power design is maximising the total power at the estimated

directions (θ̂k, k = 1, . . . , K) of targets [65] which is based on the optimisation

problem as follows

max
WTx

Tr
{
SHTx(θ̂)WTxWH

TxSTx(θ̂)
}

(5.38)

subject to Tr
{
WH

TxWTx

}
= 1 (5.39)

where the manifold matrix STx(θ̂) is given as

STx(θ̂) =
[
STx(θ̂1), STx(θ̂2), . . . , STx(θ̂K)

]
(5.40)

Let A represents
A , STx(θ̂)SHTx(θ̂) (5.41)

Then, the optimum solution is obtained as follows

WTx =
[
umax,ONTx×(NTx−1)

]
(5.42)

in which umax is the eigenvector corresponding to the largest eigenvalue of A (see
detailed proof in [65]).
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The second one is formed by the weighted manifold vectors (WMV) of the

estimated directions of the targets as follows

WTx , STx(θ̂)diag
{
|β̂|
}

(5.43)

where the weights are the magnitudes of the estimated complex path gains, i.e.

β̂ =
[
β̂1, β̂2, . . . , β̂K

]T
(5.44)

It is worth noting that the Tx beamforming matrix needs to be normalised to

keep the same total transmit power.

Then, any multi-target localisation methods can collaborate with these exist-

ing Tx beamforming designs to compose the joint Tx and Rx multi-target localisa-

tion approaches. For the purpose of the comparison, these two joint multi-target

localisation methods will utilise the same multi-target localisation method as in

the proposed joint Tx and Rx multi-target localisation approach.

5.6 Simulation Studies

The performance of the proposed joint Tx and Rx multi-target localisation ap-

proach is validated via some simulation results. Consider a MIMO radar system

where a set of Nc = 255 length gold sequences are generated for the transmit

waveforms of the radar system and the maximum tolerable delay is Q = 25.

Without loss of generality, the total transmit power PT is set to 1. Similarly as

Eqns. (2.48) and (2.49) in Sec. 2.3.4, the root-mean-square errors (RMSEs) of the

estimated parameters θ̂k, l̂k, β̂k, k = 1, ..., K defined as

RMSEθ =
1

K

K∑
k=1

√
E
{
| θ̂k − θk |2

}
(5.45)

RMSEτ =
1

K

K∑
k=1

√
E
{
| l̂k − lk |2

}
(5.46)

RMSEβ =
1

K

K∑
k=1

√
E
{
| β̂k − βk |2

}
(5.47)

are utilised to compare the performances of the proposed approach with others.

The simulation results are all obtained by 500 Monte Carlo trials.
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5.6.1 The Effect of the Tx Beamforming Design

Firstly, the comparison focuses on effect of the Tx beamforming designs on the

performance of the joint multi-target localisation. For simplicity, the proposed

joint multi-target localisation approach and the one with existing Tx beamform-

ing designs in Section 5.5.2 are based on the proposed two-step multi-target lo-

calisation method in Section 5.4.1. Assume, in two-dimensional space, there

are K = 3 targets located at θ1 = 60◦, θ2 = 106◦, θ3 = 112◦ with the com-

plex path gains β1 = 0.9ej1.1, β2 = 0.7ej0.7, β3 = 0.6ej1.9 and the relative de-

lays l1 = 0, l2 = 15, l3 = 20, respectively. The received signal is corrupted

by a white circularly symmetric complex Gaussian noise with mean zero and

variance σ2n =
√

10, i.e. PT/σ2n = −5dB.

Case 1: Consider this MIMO radar system in which half-wavelength interele-

ment spacing uniform circular arrays (UCAs) with NTx = NRx = 20 antennas are

deployed for both Tx and Rx.

Since there is no prior knowledge about the targets, the transmit power is

evenly distributed in space at the first iteration. Thereafter, the transmit power

focuses on the estimated locations of the targets. Thus, the resolution probability

of all the method increases steeply via iteration as shown in Fig. 5.3. Better than

the WMV method, the resolution probabilities of the proposed and maximum

power methods reach one after several iterations. Moreover, the proposed method

converges faster than the maximum power method, which implies less pulses are

needed for the target localisation in the proposed method. Additionally, Fig. 5.4

depicts the improvement of the averaged MUSIC spectra at the 1st, 2nd, 20th it-

erations of the proposed method, which is consistent with the results shown in

Fig. 5.3.
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Figure 5.3: The resolution probability versus iterations for the proposed, the
maximum power and WMV methods when Tx and Rx arrays are (NTx = NRx =
20) UCAs with half-wavelength interelement spaced

Figure 5.4: The comparison of MUSIC spectra at 1st, 2nd, 20th iterations of
the proposed joint multi-target localisation method when Tx and Rx arrays
are (NTx = NRx = 20) ULAs with half-wavelength interelement spaced
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Moreover, the RMSEs of the estimated targets’parameters (θ̂k, l̂k, β̂k, k =

1, . . . , K) are given in Figs. 5.5-5.7, respectively. It is shown that both the pro-

posed and maximum power methods outperform the WMV method for all the

estimation of the parameters for the targets’ locations. Comparing with the

maximum power method, the proposed method provides approximately the same

performance of the estimation of the targets’directions (see Fig. 5.5) and slightly

better estimation of the complex path gains (see Fig. 5.7) with faster conver-

gence. Besides, the maximum power method provides a bit better estimates of

the targets’delays after 15 iterations (see Fig. 5.6), which is due to the maxi-

mum power method provides higher gains (see the Tx beampatterns at the 20th

iteration for all the methods in Fig. 5.8 where the solid vertical lines present

the real values of the targets’directions) towards the two closely spaced targets

at (θ2 = 106◦, θ3 = 112◦) where the estimation error of the delays mainly comes

from.

Figure 5.5: The RMSEθ convergence for the proposed, the maximum power and
WMV methods when Tx and Rx arrays are (NTx = NRx = 20) UCAs with
half-wavelength interelement spaced
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Figure 5.6: The RMSEτ convergence for the proposed, the maximum power and
WMV methods when Tx and Rx arrays are (NTx = NRx = 20) UCAs with
half-wavelength interelement spaced

Figure 5.7: The RMSEβ convergence for the proposed, the maximum power and
WMV methods when Tx and Rx arrays are (NTx = NRx = 20) UCAs with
half-wavelength interelement spaced
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Figure 5.8: The Tx beampatterns for the proposed, the maximum power and
WMV methods at the 20th iteration when Tx and Rx arrays are (NTx = NRx =
20) UCAs with half-wavelength interelement spaced

As seen from Fig. 5.8, the lower gain is provided by the maximum power

method than the proposed method towards the target at θ1 = 60◦, therefore both

the methods have almost the same performance of the estimation of the targets’

directions which has been illustrated in Fig. 5.5.

Nevertheless, the maximum power method is unable to control the power dis-

tribution of each individual target since it only aims to maximise the total power

illuminated on all the target without any power constraint for the individual

targets. Thus, the resulting powers at the directions of targets might be rather

different from one another due to the different array geometries and the direc-

tions of targets. Consequently, some targets may not be detected since insuffi cient

power illuminates these targets. The proposed method allows the control of the

power at the direction of each target to avoid this problem.

Case 2: Next, consider the same scenario as Case 1 except both the Tx

and Rx in the MIMO radar system employing NTx = NRx = 10 uniform linear

arrays (ULAs) with half-wavelength interelement space. The same targets are
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assumed to be located in the two-dimensional space. In this case, the maximum

power method fails to work while the proposed method has better performance

than the WMV method.

Fig. 5.9 shows the Tx beampatterns of the proposed and WMV methods at

the 20th iteration as well as the maximum power method at the iteration before

it fails.

Figure 5.9: The Tx beam patterns for the proposed, the maximum power and
WMV methods when Tx and Rx arrays are (NTx = NRx = 10) ULAs with
half-wavelength interelement spaced

As seen from the figure, by the maximum power method, the transmit power

is mainly allocated towards the targets at θ2 = 106◦, θ3 = 112◦ (around 10 dB)

while the target at θ1 = 60◦ is illuminated by little power (around -10 dB) from

the radar. As a consequence, the target at θ1 = 60◦ is unable to be estimated by

the maximum power method which is shown in Fig. 5.10. The MUSIC spectrum

given by the maximum power method even has no peak around 60◦ while the

proposed and WMV methods apparently provides three peaks in their MUSIC

spectra.
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Figure 5.10: The MUSIC spectra given by the proposed, the maximum power
and WMV methods when Tx and Rx arrays are (NTx = NRx = 10) ULAs with
half-wavelength interelement spaced

Figure 5.11: The resolution probability for the proposed and WMV methods
versus iterations when Tx and Rx arrays are (NTx = NRx = 10) ULAs with
half-wavelength interelement spaced
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Figure 5.12: The RMSEθ convergence for the proposed and WMV methods when
Tx and Rx arrays are (NTx = NRx = 10) ULAs with half-wavelength interelement
spaced

Figure 5.13: The RMSEτ convergence for the proposed and WMV methods when
Tx and Rx arrays are (NTx = NRx = 10) ULAs with half-wavelength interelement
spaced
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Figure 5.14: The RMSEβ convergence for the proposed and WMV methods when
Tx and Rx arrays are (NTx = NRx = 10) ULAs with half-wavelength interelement
spaced

Moreover, Fig. 5.11 shows the resolution probability of the proposed and

WMV methods, while Figs. 5.12-5.14 depict the RMSEs of the estimated tar-

gets’parameters (θ̂k, l̂k, β̂k, k = 1, . . . , K). As illustrated, the proposed method

outperforms the WMV method overall apparently.

5.6.2 The Effect of Multi-Target Localisation Methods

Here, the effect of the two multi-target localisation methods employed in the

proposed joint multi-target localisation approach are considered. Firstly, consider

the same scenario as Case 1 in 5.6.1. Fig. 5.15 presents the DOA-and-Delay

spectrum for the joint DOA and Delay estimation at the first iteration in one

trial, which shows three peaks (targets) clearly. For the comparison, in Fig.

5.4, only two peaks are shown in the MUSIC spectrum of the proposed two-step

method. The joint DOA and Delay estimation method can resolve all the targets

at the first iteration, i.e. based on the initial transmit waveform vector, while the

two-step method cannot resolve them at the beginning.
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Figure 5.15: The DOA-and-Delay spectrum of the proposed joint DOA and Delay
estimation at the first iteration when PT/σ2n equals −5dB
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In addition, Fig. 5.16 shows the resolution probabilities of the proposed the

two DOA and Delay estimation methods. Thus, it can be concluded that the joint

Figure 5.16: The resolution probabilities of the two-step and joint DOA and
Delay estimations when Tx and Rx arrays are (NTx = NRx = 20) UCAs with
half-wavelength interelement spaced and PT/σ2n equals −5dB.

DOA and delay estimation method significantly enhances the resolution for the

proposed joint Tx and Rx multi-target localisation approach than the two-step

estimation method.

Next, consider a scenario which is the same as previous except PT/σ2n =

−25dB. Fig. 5.17 shows the MUSIC spectrum of the two-step method at one

trial, in which false peaks appear at the first iteration. It will lead the proposed

joint multi-target localisation approach to fail to work since the transmit power

will focus on the false directions. However, as shown in Fig. 5.18, the resolution

probability of the joint multi-target localisation based on the joint DOA and

Delay estimation method is still able to resolve the three targets after several

iterations. Moreover, the DOA-and-Delay spectrums of the joint DOA and Delay

estimation method at 1st and 5th iterations are given in Figs. 5.19 and 5.20.
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Figure 5.17: The MUSIC spectrum at 1st iteration of the two-step method when
Tx and Rx are (NTx = NRx = 20) UCAs with half-wavelength interelement
spaced and PT/σ2n equals −25dB

Figure 5.18: The resolution probabilities of the joint DOA and Delay estimations
when Tx and Rx arrays are (NTx = NRx = 20) UCAs with half-wavelength
interelement spaced and PT/σ2n equals −25dB.
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Figure 5.19: The DOA-and-Delay spectrum of the proposed joint DOA and Delay
estimation at the first iteration when Tx and Rx arrays are (NTx = NRx = 20)
UCAs with half-wavelength interelement spaced and PT/σn equals −25dB
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Figure 5.20: The DOA-and-Delay spectrum of the proposed joint DOA and Delay
estimation at the fifth iteration when Tx and Rx arrays are (NTx = NRx = 20)
UCAs with half-wavelength interelement spaced and PT/σ2n equals −25dB
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It is shown that they are consistent with the resolution probability given in

Fig. 5.18. Overall, the proposed joint multi-target localisation approach outper-

forms the approaches employed the maximum power and WMV methods with

faster convergence and avoiding the insuffi cient transmit power towards individ-

ual targets which is an unbearable drawback in the maximum power method.

Furthermore, the DOA and Delay estimation method significantly enhances the

resolution ability of the proposed joint multi-target localisation approach than

the two-step estimation method.

5.7 Summary

In this chapter, a joint Tx and Rx multi-target localisation approach has been pro-

posed for MIMO radar systems with colocated antennas. The proposed method

aims to improve the performance of multi-target localisation through the coop-

eration with Tx beamforming in an iterative way. In the proposed method, the

transmit beamforming design and the estimation of the target’s complex path

gain are jointly derived from the same optimisation problem which considers all

the parameters of the targets. Moreover, the transmit beamforming design takes

account of the power distribution per individual target. Therefore, the proposed

joint multi-target localisation method outperforms those multi-target localisation

with existing methods. Besides, two multi-target localisation methods have been

proposed for the joint multi-target localisation. Though the computational com-

plexity increases due to the two-dimensional search, the joint DOA and Delay

estimation method has significantly enhanced the resolution of the joint multi-

target localisation. As a future work, the theoretical analysis and discussion on

the performance of joint DOA and Delay estimation method will be focused on.

Moreover, when Doppler effect is taken into account, the estimation accuracy

of the complex path gain, not only amplitude but also phase become more im-

portant. Thus, some other techniques such as the Least Mean Phase (LMP)

method[126] can be introduced to the joint Tx and Rx multi-target localisation.



Chapter 6

Conclusions and Future Work

This thesis has been concerned with the multi-target localisation in MIMO radar.

The objective of this study has been to improve the performance of the multi-

target localisation for MIMO radar systems from different aspects in different

ways. The technical work presented in the previous chapters is summarised and

concluded, which is followed by an outline of the main contributions. Finally,

some potential future work are briefly discussed.

6.1 Thesis Summary

The work described in this thesis started from introducing the basis but important

backgrounds for the work on MIMO radar in Chapter 1. First, the description of

the features of radar and target in the radar scenario was provided in a way of

classifying radar systems and target’s models according to their typical charac-

teristics. Afterwards, array signal processing, as the cornerstone for the following

technical work in MIMO radar was briefly described. Finally, a review of recent

work in the field of MIMO radar was presented, which leads to the main subject

of this study, i.e. multi-target localisation.

In Chapter 2, a general space-time received signal modelling was described.

Then, when the relative delays of targets are considered as negligible, the general

model turns into a spatial only signal model. In such a signal model, the deriva-

109
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tion of the parameter identifiability illustrates that, by transmitting orthogonal

waveforms, MIMO radar is able to identify much more targets than the conven-

tional radar. The reason is that MIMO radar can be considered as a virtual

passive radar which has a virtual array with an aperture length up to times that

of the real Rx array. However, the current existing methods such as the LS,

Capon, APES and subspace methods which are directly applied at the receiver

are unable to exploit the advantages of the virtual array. Therefore, in order to

enjoy the benefit brought by the virtual array in the DOA and complex path

gain estimation, a combined approach including MUSIC algorithm and proposed

path gain estimator based on the virtual array structure was proposed. More-

over, by utilising spreading technique in the transmit signal design, the spatial

only received signal model has been extended to a novel spatiotemporal one. This

model enables the existing multi-target localisation approaches not only work in

the spatial only signal model but also the spatiotemporal signal model.

Next, Chapter 3 focused on multi-target parameter estimation with high mu-

tual interferences among the echoes from the targets which are close together.

The small angular separations among multiple targets lead to high mutual in-

terferences among the echoes from the targets. These interferences causes the

estimation accuracy of the target’s DOA, delay and complex path gain (crucial

parameters for the multi-target localisation) degrading severely if they are not

accounted. To address this problem, an novel optimisation problem which in-

volves the suppression of these interferences was proposed in this chapter, and

the derivation of the solutions to this optimisation was provided.

Then, in Chapter 4, based on these solutions, the multidimensional optimal

and one-dimensional iterative methods were proposed for the estimation of the

target’s DOA, delay and complex path gain. The BBO approach was introduced

for the multidimensional optimal method to avoid a high dimensional search.

The one-dimensional iterative method eliminates the need for multi-dimensional

optimisation but the initial estimates are required.

The previous chapters only focus on improving the performance of parameter

estimation for the multi-target localisation by processing the data received at the
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receive side without any design of the transmitted signals. While, in Chapter 5,

a joint Tx and Rx multi-target localisation approach has been proposed. The

proposed multi-target localisation approach operates with the cooperation of Tx

beamforming in an iterative way, i.e. the current estimates of the targets’loca-

tions are based on the transmit beampattern which is according to the previous

estimates. In the proposed approach, the transmit beamforming design and the

estimation of the target’s complex path gain were derived from the same proposed

APES-like optimisation problem which takes account of the power distribution

per individual target. Moreover, two multi-target DOA and delay estimation

methods have been proposed in the joint multi-target localisation approach.

6.2 Conclusions

Through out this thesis, several proposed approaches have shown their abilities

to improve the multi-target localisation of MIMO radar in different cases.

In the case of the spatial signal model, the proposed multi-target parame-

ter estimation approach based on the virtual array structure has the ability to

break through the identifiability limitation of the conventional radar system while

the existing methods such as Capon, APES and subspace methods cannot. Al-

though the LS method has the ability to exceeding the identifiability limitation,

the virtual array based multi-target parameter estimation approach shows the

significant superiority over the LS method in the estimation accuracy of the pa-

rameters related to the multiple targets’locations which are DOAs and the path

gains.

Then, the proposed spatiotemporal signal model extended the application of

these existing multi-target parameter estimation methods from the spatial only

signal model to the spatiotemporal signal model in which the relative delays of

targets has been taken account of. However, it was observed that, in both the

spatial only and spatiotemporal model, the mutual interferences among the tar-

gets severely degrades the accuracy of multi-target parameter estimation when

the targets are close together. The proposed interference suppressed optimisation
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has well addressed the problem of these mutual interferences. Based on the solu-

tions to the interference suppressed optimisation, the two proposed multi-target

parameter estimation algorithms obviously improve the estimation accuracy of

the parameters for multiple targets’ locations comparing to the existing meth-

ods which only treat the interferences as “noise”. The proposed one-dimensional

iterative algorithm avoids the need for multidimensional search but the initial

estimates are required. Compared with the one-dimensional iterative algorithm,

the proposed multidimensional optimal algorithm provides better parameter es-

timates but with high computational complexity due to the multidimensional

search. The BBO approach applied in the multidimensional optimal algorithm

significantly reduces its computational complexity.

Furthermore, compared with the previous multi-target localisation algorithms

without the Tx beamforming, the cooperation between them significantly im-

proves the performance of multi-target localisation as shown in the proposed joint

Tx and Rx multi-target localisation approach. The proposed joint Tx and Rx

approach significantly enhances the resolution of MIMO radar and provides more

reliable multi-target localisation than the approaches in which the maximum

power and WMA Tx beamforming are applied since the insuffi cient transmit

power towards individual targets is avoided in the proposed approach. Moreover,

the proposed joint DOA and Delay estimation algorithm dramatically enhances

the resolution of the joint Tx and Rx multi-target localisation approach, albeit

with increased computational complexity due to the two-dimensional search.

6.3 List of Contributions

The following list summarises the main original contributions of this study in the

order they appear in this thesis:

• A proof on the enhancement of the parameter identifiability by MIMO radar
over its conventional counterpart.

• Proposal of a combined approach based on the virtual array structure. It
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has the ability to estimate more targets and provide better estimation of

the target’s locations than the existing methods.

• Development of a mutual targets’ interferences suppressed optimisation
problem for the multi-target parameter estimation.

• Proposal of a multidimensional parameter estimation method based on solv-
ing the interference suppressed optimisation. The BBO approach was in-

troduced in this proposed method to avoid a multi-dimensional search. It

provides the better performance than the one-dimensional iterative method

as well as the other existing method.

• Proposal of a one-dimensional iterative method which requires the initial
estimates. It outperform the other existing method. Though the one-

dimensional method cannot achieve the same performance as the multi-

dimensional method, it has lower computational complexity than the multi-

dimensional method.

• Development of an APES-like optimisation which takes account of both the
transmit beamforming design and target localisation.

• Proposal of a joint Tx and Rx multi-target localisation approach. The

proposed approach shows its advantages over those multi-target localisation

approaches which directly combine the existing Tx beamforming designs

and multi-target localisation methods.

• Proposal of a joint DOA and delay estimation method based on the com-
bination of two spatiotemporal spectrums. It significantly improved the

resolution of the proposed joint Tx and Rx multi-target localisation ap-

proach.

6.4 Future Work

Three different approaches has been presented to improve the multi-target local-

isation in MIMO radar in this thesis. Based on the achievements made so far,
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many potential research topics and directions can be followed by.

• Parameter identifiability problem, which can be interpreted as the array
ambiguity problem, can be analysed from a different perspective based on

the differential geometry of the array manifold which is well documented

in [21]. The analysis will includes the manifolds of Tx and Rx arrays as well

as the manifold of the virtual array formed by the convolution of Tx and

Rx arrays as given in Eqn. (2.35). More importantly, the analysis approach

based on the differential geometry of the array manifold for the current

array ambiguity problem in the spatial only signal model can be extended

to the analysis of the general spatiotemporal model.

• As shown in [127], the polarisation diversity can be exploited to enhance the
detection capability and improve its estimation accuracy and resolution in

MIMO communications. Inspired by these benefits, MIMO radar can utilise

the polarisation diversity to attain more degrees of freedom which enable

MIMO radar systems to enhance parameter identifiability and realise more

flexible transmit waveform design to improve the resolution and estimation

accuracy.

• For both the spatial only and spatiotemporal signal models, narrowband is
assumed with a single carrier frequency. However, the targets may absorb

the signals at a specific carrier frequency impinged on without any reflection,

which leads to miss some targets for a radar system. Thus, a multi-carrier

signal model for MIMO radar can be developed in order to avoid this signal

absorption phenomenon. Then, based on the multi-carrier signal model,

novel multi-target localisation methods can be developed.

• The proposed superresolution multi-target localisation approaches are de-
rived for the negligible Doppler effect case in Chapter 4. It is worth to

extend the proposed approaches to the non-negligible Doppler case. Thus,

the proposed approaches can be applied for the multi-target tracking which

includes multi-target localisation and velocity estimation.
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• The joint DOA and delay estimation method in the proposed joint Tx

and Rx multi-target localisation approach showed its extremely good per-

formance based on the simulation studies in Chapter 5. The theoretical

performance analysis and discussion on the performance of joint DOA and

delay estimation method is worth to be focused on.

• A technique named the compressing sampling, also known as compressed
sensing, sparse learning has emerged in recent years [128, 129]. It focuses

on recovering sparse signals from a small number of samples, which can also

be mathematically interpreted as a technique for finding sparse solutions to

underdetermined linear systems. Most recently, the multi-target localisa-

tion in MIMO radar shows its ability to employ the methods developed in

compressed sensing [130] by an equivalent converted signal model. How-

ever, the discussion of the relative limitation for MIMO radar according

to the restricted isometry property (RIP) is absent. It is worth to derive

this relative limitation which will lead to optimise the design of the trans-

mit waveforms and the geometries of Tx and Rx arrays to achieve better

performance of multi-target localisation in MIMO radar.

• MIMO radar, as an attractive topic in radar array signal processing, has

been investigated for nearly ten years. A variety of research in MIMO

radar has been done. MIMO radar shows its superiority over the conven-

tional radar. Rather than the research focuses on the MIMO radar with

large aperture array and small aperture array separately, from my point

of view, the future MIMO radar systems should combine these two cases

to have a hybrid structure which contains many radar units which have

their own Tx and Rx arrays to implement basic radar functions such as

target detection and localisation individually. These radar units are widely

distributed in space and formed a hyper-radar system (similar as the net-

ted radar systems) intentionally such as deploying ground defense radar

systems or automatically such as a group of planes in the airspace. The in-

dividual radar units can cooperate with each other in order to improve the
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performance of target detection, localisation or tracking. The cooperations

among the radar units in such a netted radar system can be considered as a

complicate multi-objective optimisation problem in which the approaches to

solve the similar optimisation problem in other areas (such as bionics [131],

smart grid [132] etc.) can be applied in this kind of future MIMO radar

systems.



Appendix

Derivation of the parameter

identifiability condition

Recalling the identifiability problem in Eqn. (2.27), it can be rewritten in the

other way:

B̆β̆ 6= Bβ (A.1)

for any θ̆ 6= θ or any β̆ 6= β where

B =
[
b(θ1), b(θ2), . . . , b(θK)

]
(A.2)

B̆ =
[
b(θ̆1), b(θ̆2), . . . , b(θ̆K)

]
. (A.3)

θ =
[
θ1, θ2, . . . , θK

]
(A.4)

θ̆ =
[
θ̆1, θ̆2, . . . , θ̆K

]
(A.5)

The condition(s) for the parameter identifiability problem in MIMO radar can be

found in the similar way as [101]. First of all, an important assumption for the

following derivation of the conditions is given as follows

Assumption I The Nuniq distinct vectors {b(θk), ∀k = 1, . . . , Nuniq} are linearly
independent.

This assumption imposes certain constraints on the array geometries and the

relative positions of the Tx and Rx arrays.
117
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There are two main cases for the discussion of the parameter identifiability

condition according to the equality or inequality of the DOAs and complex path

gains. First, in the case of (θ̆ = θ, β̆ 6= β), the inequality in Eqn. (A.1) obviously

always holds true due to the linear independence of the vectors {b(θk)} in As-
sumption I. The second case (θ̆ 6= θ) (includes (θ̆ 6= θ, β̆ 6= β) and (θ̆ 6= θ, β̆ = β))

will be focused on next.

Without loss of generality, among the elements in the DOA vectors θ and θ̆,

assuming that θi = θ̆i for l pairs where i = 1, 2, . . . , l and 0 ≤ l < K. It is

worth noting that the case of (θk 6= θ̆k, ∀k = 1, . . . , K) corresponds to l = 0.

Now, let (θe1, . . . , θel) denote for the l pairs of the identical elements in θ and

θ̆, while (βe1, . . . , βel) denote those {βi, i = 1, 2, . . . , l} in the path gain vector β
corresponding to the elements (θe1, . . . , θel) in the DOA vector θ and (β̆e1, . . . , β̆el)

denote those {β̆k, i = 1, 2, . . . , l} in the path gain vector β̆ corresponding to the
elements (θ̆e1, . . . , θ̆el) in the DOA vector θ. Then, Eqn. (A.1) can be rewritten

as:

[b(θ1), . . . , b(θe1), . . . , b(θel), . . . , b(θK)]



β1
...

βe1
...

βel
...

βK



6= [b(θ̆1), . . . , b(θe1), . . . , b(θel), . . . , b(θ̆K)]



β̆1
...

β̆e1
...

β̆el
...

β̆K


(A.6)
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Combining the items with the same vectors b(θe1), . . . , b(θel) yields

[
b(θ1), . . . , b(θe1), . . . , b(θel), . . . , b(θK)

]
︸ ︷︷ ︸

Nuniq×K



β1
...

(βe1 − β̆e1)
...

(βel − β̆el)
...

βK


︸ ︷︷ ︸

K×1

6=
[
b(θ̆1), . . . , b(θ̆K)

]
︸ ︷︷ ︸

Nuniq×(K−l)


β̆1
...

β̆K


︸ ︷︷ ︸
(K−l)×1

(A.7)

where, in the term on the right of the inequality, the vectors b(θe1), . . . , b(θel) or

elements β̆e1, . . . , β̆el removed from the corresponding matrix or vector, respec-

tively. Then, Eqn. (A.1) can be rewritten as follows

B̆cβ̆c 6= Bβ
c

(A.8)

where

β
c
, [β1, . . . , (βe1 − β̆e1), . . . , (βel − β̆el), . . . , βK]T (A.9)

β̆
c
, [β̆1, . . . , β̆K]T except {β̆e1, . . . , β̆el} (A.10)

B̆c , [b(θ̆1), . . . , b(θ̆K)] except {b(θe1), . . . , b(θel)} (A.11)

Furthermore, Eqn. (A.8) can be rewritten in a block matrix form as follows

[
B B̆c

]
︸ ︷︷ ︸
Nuniq×(2K−l)

[
β
c

−β̆
c

]
︸ ︷︷ ︸
(2K−l)×1

6= 0Nuniq×1 (A.12)
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Thus, Eqn. (A.12) holds true if and only if the nullity of the matrix
[
B B̆c

]
is

smaller than the rank of the vector

[
β
c

−β̆
c

]
. Let µ and ν denote

µ , nullity
[
B B̆c

]
= 2K − l − rank

[
B B̆c

]
(A.13)

ν , rank

[
β
c

−β̆
c

]
= 1 (A.14)

and according to Assumption I, the rank of the block matrix
[
B B̆c

]
is

rank
[
B B̆c

]
= min{Nuniq, 2K − l} (A.15)

Thus, it suffi ces to show that if Eqn. (A.12) holds true, then

2K − l −min{Nuniq, 2K − l} < 1 (A.16)

Furthermore, Eqn. (A.16) can be simplified according to two cases:

a. Nuniq < 2K − l
In this case, Eqn. (A.16) can be simplified as follows

K <
Nuniq + l + 1

2
(A.17)

Then, combining it with the constraint Nuniq < 2K − l, the range for the
number of targets which can be identified is given as

Nuniq + l

2
< K <

Nuniq + l + 1

2
(A.18)

Since the number of targets K is an integer, there is no solution to Eqn.

(A.16) in this case.

b. Nuniq > 2K − l
In this case, Eqn. (A.16) can be simplified as follows

0 < 1 (A.19)

It implies that Eqn. (A.16) always holds true in this case, while the only

constraint is

K <
Nuniq + l

2
(A.20)
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Based on the discussion above in two cases, the suffi cient and necessary con-

dition to hold the truth of the proposition in Eqn. (A.1) is

K <
Nuniq + 1

2

i.e. Kmax = dNuniq − 1

2
e (A.21)

where d·e denotes the smallest integer greater than or equal to a give number.
Furthermore, recalling the range of the Nuniq in Eqn. (2.20) and substituting

Nuniq by Eqn. (A.21), it yields the parameter identifiability condition for MIMO

radar, i.e.

Kmax ∈
[

NTx+NRx−2
2

, NTxNRx+1
2

)
(A.22)

of which the specific value depends on the array geometry and the relative position

of the Tx and Rx arrays.
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